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✇❤❡r❡ R†(x, t) ✐s t❤❡ tr❛♥s♣♦s❡ ❝♦♥❥✉❣❛t❡ ♦❢ R(x, t)✱ ❛♥❞ ✇❡ r❡str✐❝t ✐t t♦ t❤❡ ❤❛❧❢✲❧✐♥❡
x ≥ 0 ❜② ✐♠♣♦s✐♥❣ ✐♥t❡❣r❛❜❧❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❞❡r✐✈❡❞ ✐♥ ❬✷❪✿ ❘♦❜✐♥ ❜♦✉♥❞❛r②
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♦r ❛ ♠✐①t✉r❡ ♦r ◆❡✉♠❛♥♥ ❛♥❞ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
Rj(0, t) = 0 , j ∈ S , ✭✶✳✹✮
Rkx(0, t) = 0 , k ∈ {1, . . . , n} \ S , ✭✶✳✺✮
✇❤❡r❡ S ✐s ❛ s✉❜s❡t ♦❢ {1, . . . , n}✳ ❙✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ R(x, 0) =
R0(x)✱ ✇❡ t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r ❛♥ ✐♥t❡❣r❛❜❧❡ ✐♥✐t✐❛❧✲❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠
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✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♠❡t❤♦❞ ✈❛❧✐❞ ❢♦r t❤❡ ♣r♦❜❧❡♠ ♦♥ t❤❡ ❢✉❧❧ ❧✐♥❡ ❤❛s ❜❡❡♥ s✉✐t❛❜❧② ❛❞❛♣t❡❞
t♦ ②✐❡❧❞ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ R(x, t)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡①♣❧✐❝✐t N ✲s♦❧✐t♦♥
s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞✳ ❆♥ ✐♥t❡r❡st✐♥❣ ❡✛❡❝t ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ✇❤❡♥ ❛ s♦❧✐t♦♥
❜♦✉♥❝❡s ♦✛ t❤❡ ❜♦✉♥❞❛r②✿ ✐ts ♣♦❧❛r✐③❛t✐♦♥ ❝❛♥ ❜❡ ❛❧t❡r❡❞ ❛♥❞ ❛ r❡❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ ✈❛r✐♦✉s ❝♦♠♣♦♥❡♥ts ♦❝❝✉rs t❤r♦✉❣❤ ❛ ♣r♦❝❡ss ♦❢ tr❛♥s♠✐ss✐♦♥ ❜❡t✇❡❡♥
♠♦❞❡s✳ ❍♦✇❡✈❡r✱ ❛ ❢✉❧❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s♦❧✐t♦♥s ♦♥ t❤❡ ❤❛❧❢✲❧✐♥❡ ✐s
st✐❧❧ ❧❛❝❦✐♥❣ ❛♥❞ ✐t ✐s t❤❡ ♦❜❥❡❝t ♦❢ t❤✐s ♣❛♣❡r t♦ ❞✐s❝✉ss t❤✐s ♣♦✐♥t✳
❋♦r t❤❡ ♣r♦❜❧❡♠ ♦♥ t❤❡ ❧✐♥❡✱ t❤✐s q✉❡st✐♦♥ ❤❛s ♦♥❧② ❜❡❡♥ st✉❞✐❡❞ r❛t❤❡r r❡❝❡♥t❧② ✐♥
❬✹✱ ✺❪✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧t ✐s t❤❛t s♦❧✐t♦♥ ✐♥t❡r❛❝t✐♦♥s ✭♦r ❝♦❧❧✐s✐♦♥s✮ ❢❛❝t♦r✐③❡ ✐♥ t❤❡
✈❡❝t♦r ❝❛s❡ ❧✐❦❡ ✐♥ t❤❡ s❝❛❧❛r ❝❛s❡✳ ■♥ t❤❡ s❝❛❧❛r ❝❛s❡✱ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ s♦❧✐t♦♥ ✐♥t❡r❛❝t✐♦♥s
✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ✐♠♣♦rt❛♥t ❢❛❝t✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✐t ♠❡❛♥s t❤❛t ❛s t✐♠❡ ❡✈♦❧✈❡s
❢r♦♠ −∞ t♦∞✱ t✇♦ s♦❧✐t♦♥s ✇✐t❤ ❣✐✈❡♥ ✭❞✐✛❡r❡♥t✮ ✈❡❧♦❝✐t✐❡s ❛♥❞ ❛♠♣❧✐t✉❞❡s ❛s t→ −∞
✇✐❧❧ ❝♦❧❧✐❞❡ ❛♥❞ r❡❝♦✈❡r t❤❡✐r ✐♥✐t✐❛❧ ♣r♦♣❡rt✐❡s ✭✈❡❧♦❝✐t✐❡s✱ ❛♠♣❧✐t✉❞❡s✱ s❤❛♣❡s✮✱ t❤❡ ❡✛❡❝t
♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡✐♥❣ ♦♥❧② ♣♦s✐t✐♦♥ ❛♥❞ ♣❤❛s❡ s❤✐❢ts✳ ❚❤✐s ❢❛❝t ❣❡♥❡r❛❧✐③❡s t♦ N ✲s♦❧✐t♦♥
❝♦❧❧✐s✐♦♥s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ r❡s✉❧t✐♥❣ ✈❡❧♦❝✐t✐❡s ❛♥❞ ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ s♦❧✐t♦♥s ❛s t→∞
✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✇❛② t❤❡ ❝♦❧❧✐s✐♦♥s t♦♦❦ ♣❧❛❝❡s✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ t❤❡ ♥♦t✐♦♥ ♦❢
❢❛❝t♦r✐③❛t✐♦♥ ♦❢ s♦❧✐t♦♥ ✐♥t❡r❛❝t✐♦♥s✳ ■♥ t❤❡ ✈❡❝t♦r ❝❛s❡✱ s♦❧✐t♦♥s ❛r❡ s♣❡❝✐✜❡❞ ❜② t❤❡✐r
s♦✲❝❛❧❧❡❞ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ♦♥ t♦♣ ♦❢ t❤❡✐r ✈❡❧♦❝✐t✐❡s ❛♥❞ ❛♠♣❧✐t✉❞❡s✱ ❛♥❞ t❤❡ ♣r♦♣❡rt②
♦❢ ❢❛❝t♦r✐③❛t✐♦♥ ♥♦✇ ✐♥✈♦❧✈❡s t❤❡s❡ ♣♦❧❛r✐③❛t✐♦♥s✳ ■t ✐s t❤❡r❡❢♦r❡ ❛ ❤✐❣❤❧② ♥♦♥tr✐✈✐❛❧ ❢❛❝t
t❤❛t ❢❛❝t♦r✐③❛t✐♦♥ st✐❧❧ ❤♦❧❞s✳ ■♥ t❡r♠s ♦❢ t❤❡ ♣♦❧❛r✐③❛t✐♦♥s✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ s❡t
✶❖❢ ❝♦✉rs❡✱ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ✈❛❧✉❡s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡ ❛♥❞✱ t♦ ✜① ✐❞❡❛s✱ ✇❡ ✇♦r❦ ✐♥
t❤❡ s♣❛❝❡ ♦❢ ❙❝❤✇❛r③ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r t❤❡ ✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♠❡t❤♦❞✱ s❡❡
❡✳❣✳ ❬✸❪
✶
♦❢ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ♦❢ t❤❡ s♦❧✐t♦♥s ♦❜t❛✐♥❡❞ ❛s t → ∞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✇❛②
t❤❡ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ s♦❧✐t♦♥s t♦♦❦ ♣❧❛❝❡ ❜✉t ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✐♥✐t✐❛❧ ♣♦❧❛r✐③❛t✐♦♥
✈❡❝t♦rs✳
❚❤✐s ♣r♦♣❡rt② ✐♥ t❤❡ ✈❡❝t♦r ❝❛s❡ ✐s ✐♥t✐♠❛t❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦✲❝❛❧❧❡❞
❨❛♥❣✲❇❛①t❡r ♠❛♣ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ ❨❛♥❣✲❇❛①t❡r ❡q✉❛t✐♦♥ ✭❨❇❊✮ ❛s
♦r✐❣✐♥❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ❬✻❪ ❛♥❞ st✉❞✐❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✼✱ ✽✱ ✾❪✳ ❚❤✐s ♠❛♣ ❞❡s❝r✐❜❡s t❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❝♦❧❧✐s✐♦♥✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡
❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt② ✇❛s ❡st❛❜❧✐s❤❡❞ ✉s✐♥❣ t✇♦ r❡❧❛t❡❞ ❜✉t r❛t❤❡r ❞✐✛❡r❡♥t r♦✉t❡s ✐♥ ❬✹❪
❛♥❞ ❬✺❪✳ ■♥ ❬✹❪✱ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ t❤❡ ✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♠❡t❤♦❞✱ ✐✳❡✳ t❤❡ ❡①♣❧✐❝✐t N ✲s♦❧✐t♦♥
s♦❧✉t✐♦♥✱ ✐s ❝❛r❡❢✉❧❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧✐♠✐ts t→ ±∞ t♦ ❡①tr❛❝t t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt②
❜② ❧♦♦❦✐♥❣ ❞✐r❡❝t❧② ❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs✳ ■♥ ❬✺❪✱ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
♦r✐❣✐♥❛❧❧② ❜② ▼❛♥❛❦♦✈ ❜② ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ ✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♠❡t❤♦❞ ❛r❡ ✉s❡❞
t♦ ❝♦♥str✉❝t ❛♥ ✐♥❞✉❝t✐✈❡ ❛r❣✉♠❡♥t ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✐t♦♥s✳ ❚❤❡♥✱ t❤✐s ✐s ❝❛st ✐♥ t❤❡
❢♦r♠❛❧✐s♠ ♦❢ ❨❛♥❣✲❇❛①t❡r ♠❛♣s ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ▲❛① ♣❛✐rs t♦ ❝♦♥✜r♠ ❢❛❝t♦r✐③❛t✐♦♥
✉s✐♥❣ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧s r❡❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣ ✐s r❡❛❧✐s❡❞
✐♥ t❤✐s ❝♦♥t❡①t ❜② ❛ ♠❛♣ ❛❝t✐♥❣ ♦♥ ♣❛✐rs ♦❢ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs✳ ■t ✐s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ s♦❧✐t♦♥✲s♦❧✐t♦♥ ✐♥t❡r❛❝t✐♦♥✳
■♥ ❡ss❡♥❝❡✱ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ ❨❇❊ ❡♥s✉r❡s t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt②✳ ❚❤❡ s✐t✉❛t✐♦♥
✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ q✉❛♥t✉♠ ❝❛s❡ ✇❤❡r❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❡♥s✉r❡❞ ❜② t❤❡ q✉❛♥t✉♠ ❨❇❊
❜✉t ✇❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♦❜❥❡❝ts t❤❛t ❛r❡ ✐♥✈♦❧✈❡❞ ✐s ❢✉♥❞❛♠❡♥t❛❧❧②
❞✐✛❡r❡♥t✳ ■♥ ❢❛❝t✱ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ ❨❇❊ ✐♥✈♦❧✈❡s ♠❛♣s ♦♥ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝ts ♦❢ s❡ts
❛♥❞ ♣r♦✈✐❞❡s ❛ ✈❡r② ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳ ❚❤❡ q✉❛♥t✉♠ ❨❇❊ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡
♦❢ ❣❡♥❡r❛❧ t❤❡♦r②✳
❇② st✉❞②✐♥❣ t❤❡ q✉❡st✐♦♥ ♦❢ ❢❛❝t♦r✐③❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❜♦✉♥❞❛r②✱ ✇❡ ❞✐s❝♦✈❡r
❛ ♥❡✇ ❢r❛♠❡✇♦r❦ ✇❤✐❝❤✱ ❥♦✐♥t❧② ✇✐t❤ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ ❨❇❊✱ ❡♥s✉r❡s t❤❡ ❢❛❝t♦r✐③❛t✐♦♥
♣r♦♣❡rt② ♦♥ t❤❡ ❤❛❧❢✲❧✐♥❡✿ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥✳ ❲❡ ❛❧s♦ ✜♥❞ t✇♦ ❝❧❛ss❡s
♦❢ s♦❧✉t✐♦♥s ❢♦r t❤✐s ❡q✉❛t✐♦♥ ✇❤✐❝❤ ✇❡ ❝❛❧❧ r❡✢❡❝t✐♦♥ ♠❛♣s✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷✱ ✇❡ ✉s❡ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ t❤❡ ❘✐❡♠❛♥♥✲
❍✐❧❜❡rt ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞ ❬✶✵✱ ✶✶❪ t♦ ❡st❛❜❧✐s❤ ❚❤❡♦r❡♠ ✷✳✼ ✇❤✐❝❤ ✐s
t❤❡ ❝❡♥tr❛❧ t❡❝❤♥✐❝❛❧ t♦♦❧ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✳ ❋✐rst✱ ✐t ❛❧❧♦✇s ✉s t♦ r❡❞❡r✐✈❡ t❤❡ ❛❜♦✈❡
❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt② ♦♥ t❤❡ ❧✐♥❡ ❞✐r❡❝t❧② ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞✳ ❖♥ t♦♣
♦❢ ♣r♦✈✐❞✐♥❣ ❛ ❢r❡s❤ ❧♦♦❦ ❛♥❞ ❛ ♥❡✇ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧t✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ✐♥tr♦❞✉❝❡ ❛❧❧
t❤❡ r❡❧❡✈❛♥t ❞❡✜♥✐t✐♦♥s✱ ♥♦t❛t✐♦♥s ❛♥❞ r❡s✉❧ts ♥❡❡❞❡❞ ❢♦r ♦✉r ♣✉r♣♦s❡s✳ ❚❤❡♥✱ ✐♥ s❡❝t✐♦♥
✸✱ ✇❡ ❝♦♠❜✐♥❡ t❤❡s❡ r❡s✉❧ts ✇✐t❤ t❤❡ ♠✐rr♦r ✐♠❛❣❡ t❡❝❤♥✐q✉❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✷❪ t♦ ♣r♦✈❡
t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ s♦❧✐t♦♥✲s♦❧✐t♦♥ ❛♥❞ s♦❧✐t♦♥✲❜♦✉♥❞❛r② ✐♥t❡r❛❝t✐♦♥s✳ ❚❤✐s ❣✐✈❡s
r✐s❡ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ♥❡✇ ♦❜❥❡❝t✱ t❤❡ r❡✢❡❝t✐♦♥ ♠❛♣✱ ✇❤✐❝❤ ✐s ❛ ♠❛♣ ❛❝t✐♥❣ ♦♥
♦♥❡ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦r ❛t ❛ t✐♠❡ ❛♥❞ ✐s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦❧✐t♦♥✲
❜♦✉♥❞❛r② ✐♥t❡r❛❝t✐♦♥✳ ❏✉st ❧✐❦❡ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ s♦❧✐t♦♥✲s♦❧✐t♦♥ ✐♥t❡r❛❝t✐♦♥s ✐s r❡❧❛t❡❞
t♦ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ ❨❇❊✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt② ✇✐t❤ ❛ ❜♦✉♥❞❛r② ✐s
r❡❧❛t❡❞ t♦ ❛♥ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥✳ ❚❤✐s ❛♥❞ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❡①♣❧✐❝✐t r❡✢❡❝t✐♦♥ ♠❛♣s ❢♦r♠ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r ♣r❡s❡♥t❡❞ ✐♥
❚❤❡♦r❡♠ ✸✳✸✳ ❙❡❝t✐♦♥ ✹ ✐s t❤❡♥ ❞❡✈♦t❡❞ t♦ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❢❡✇ ❜❛s✐❝ ❡❧❡♠❡♥ts ♦❢
t❤❡ t❤❡♦r② ♦❢ s❡t✲t❤❡♦r❡t✐❝❛❧ ❘❊ ✐♥ ❛♥ ❛❜str❛❝t s❡tt✐♥❣✳ ❆ ❢❡✇ t❡❝❤♥✐❝❛❧ ❛r❣✉♠❡♥ts ❛r❡
❝♦❧❧❡❝t❡❞ ✐♥ ❛♣♣❡♥❞✐❝❡s✳
■t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t ♦✉r r❡s✉❧ts ❝♦♠♣❧❡t❡ t❤❡ ❢♦r♠❛❧ ❛♥❛❧♦❣② t❤❛t ❡①✐sts ❜❡t✇❡❡♥
✷
q✉❛♥t✉♠ ✐♥t❡❣r❛❜❧❡ s②st❡♠s ❛♥❞ ❝❧❛ss✐❝❛❧ s♦❧✐t♦♥ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ ❛❧✲
r❡❛❞② ♠❡♥t✐♦♥❡❞ t❤✐s ❛♥❛❧♦❣② ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❨❇❊✳ ❍❡r❡✱ ♦✉r ✜♥❞✐♥❣s ♣r♦✈✐❞❡ ❛
❢✉rt❤❡r ❧✐♥❦ ✇✐t❤ t❤❡ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥ t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ t❤❡♦r② ♦❢ q✉❛♥t✉♠ ✐♥t❡✲
❣r❛❜❧❡ s②st❡♠s ✇✐t❤ ❜♦✉♥❞❛r✐❡s ❬✶✷✱ ✶✸❪✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❱◆▲❙✱ t❤❡ ❝♦♠♣❧❡t❡
❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ q✉❛♥t✉♠ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✇❛s ♦❜t❛✐♥❡❞ ✐♥ ❬✶✹❪✳
✷ ❉r❡ss✐♥❣ ♠❡t❤♦❞✱ ❢❛❝t♦r✐③❛t✐♦♥ ❛♥❞ ❨❛♥❣✲❇❛①t❡r ♠❛♣s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst r❡✈✐❡✇ s♦♠❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ t❤❡ ✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♠❡t❤♦❞
✭■❙▼✮ ❛♥❞ ✐ts r❡❧❛t✐♦♥ t♦ t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ r❡❧✐❡s ♦♥ t❤❡
♣❡r♠✉t❛❜✐❧✐t② ♣r♦♣❡rt② ♦❢ ❞r❡ss✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s ✇❤✐❝❤ ✐s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✼✳ ■t
t❤❡♥ ❛❧❧♦✇s ✉s t♦ ♣r♦✈✐❞❡ ❛ ♥❡✇ ♣r♦♦❢ ♦❢ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt② ❢♦r ❱◆▲❙ ♦♥ t❤❡ ❧✐♥❡
❛♥❞ t♦ s❤♦✇ t❤❡ ✉♥❞❡r❧②✐♥❣ ❨❛♥❣✲❇❛①t❡r str✉❝t✉r❡✳
❲❡ r❡❢❡r r❡❛❞❡rs t♦ ❡✳❣✳ ❬✸✱ ✶✺✱ ✶✻❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧❡❞ ♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ■❙▼✱ ❛♥❞
t♦ ❡✳❣✳ ❬✶✼❪ ❢♦r ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞✳
✷✳✶ ▲❛① ♣❛✐r ❢♦r♠✉❧❛t✐♦♥
❉❡✜♥❡ Q(x, t) ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ (n+ 1)× (n+ 1) ♠❛tr✐①✲✈❛❧✉❡❞ ✜❡❧❞
Q(x, t) =
(
0 R(x, t)
−R†(x, t) 0
)
. ✭✷✳✶✮
❚❤❡ ❱◆▲❙ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭Φxt = Φtx✮ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❧✐♥❡❛r ♣r♦❜❧❡♠s ❢♦r t❤❡ ♠❛tr✐①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ Φ(x, t, k)✷
Φx + ik[Σ3,Φ] = QΦ , ✭✷✳✷✮
Φt + 2ik
2[Σ3,Φ] = QT Φ , ✭✷✳✸✮
✇❤❡r❡
Σ3 =
(
In 0
0 −1
)
, QT = 2kQ− iQxΣ3 − iQ
2Σ3 , ✭✷✳✹✮
In ❜❡✐♥❣ t❤❡ n× n ✐❞❡♥t✐t② ♠❛tr✐①✳ ❊q✉❛t✐♦♥s ✭✷✳✷✱ ✷✳✸✮ ❢♦r♠ t❤❡ ▲❛① ♣❛✐r ❢♦r♠✉❧❛t✐♦♥
❢♦r ❱◆▲❙✳ ❖♥❡ ♦❜s❡r✈❡s t❤❛t Q s❛t✐s✜❡s
Q = −Q† , ✭✷✳✺✮
✇❤❡r❡ † ❞❡♥♦t❡ t❤❡ tr❛♥s♣♦s❡ ❝♦♥❥✉❣❛t❡ ♦♣❡r❛t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ Φ(x, t, k) ❜❡✐♥❣ s♦✲
❧✉t✐♦♥ ♦❢ t❤❡ ▲❛① ♣❛✐r✱ Φ†(x, t, k∗) s❛t✐s✜❡s t❤❡ s❛♠❡ ❡q✉❛t✐♦♥s ❛s Ψ(x, t, k) ≡ Φ−1(x, t, k)
✐✳❡✳
Ψx + ik[Σ3,Ψ] = −ΨQ , ✭✷✳✻✮
Ψt + 2ik
2[Σ3,Ψ] = −ΨQT . ✭✷✳✼✮
✷❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❞r♦♣ t❤❡ x✱ t ❛♥❞ k ❞❡♣❡♥❞❡♥❝❡ ❢♦r ❝♦♥❝✐s❡♥❡ss ✉♥❧❡ss t❤❡r❡ ✐s ❛♠❜✐❣✉✐t②✳
✸
❲❡ ❞❡✜♥❡ t✇♦ ❏♦st s♦❧✉t✐♦♥s X ❛♥❞ Y ♦❢ t❤❡ ▲❛① ♣❛✐r ✭✷✳✷✱ ✷✳✸✮ s❛t✐s❢②✐♥❣
lim
x→−∞
eiφ(x,t,k) Σ3X(x, t, k)e−iφ(x,t,k) Σ3 =In+1 , k ∈ R , ✭✷✳✽✮
lim
x→∞
eiφ(x,t,k) Σ3Y (x, t, k)e−iφ(x,t,k) Σ3 =In+1 , k ∈ R , ✭✷✳✾✮
✇❤❡r❡ φ(x, t, k) = kx+ 2k2t✳ ❚❤❡② ❡♥❥♦② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s
•
detX(x, t, k) = detY (x, t, k) = 1 . ✭✷✳✶✵✮
• X ❛♥❞ Y ❝❛♥ ❜❡ s♣❧✐tt❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✧❝♦❧✉♠♥✧ ✈❡❝t♦rs✸ ❢♦r♠
X = (X+, X−) , Y = (Y −, Y +) , ✭✷✳✶✶✮
✇❤❡r❡ X+✱ Y + ✭r❡s♣✳ X−✱ Y −✮ ❛r❡ ❛♥❛❧②t✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ✐♥ t❤❡ ✉♣♣❡r ✭r❡s♣✳
❧♦✇❡r✮ ❤❛❧❢ k✲❝♦♠♣❧❡① ♣❧❛♥❡✱ ✇❤✐❝❤ ❛r❡ ❞❡♥♦t❡❞ ❜② C+ ✭ r❡s♣✳ C−✮✳
• X ❛♥❞ Y ❛r❡ r❡❧❛t❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ s❝❛tt❡r✐♥❣ ♠❛tr✐① S(k)
X(x, t, k) = Y (x, t, k)e−iφ(x,t,k)Σ3 S(k) eiφ(x,t,k)Σ3 , k ∈ R , ✭✷✳✶✷✮
✇❤❡r❡ S(k) ❝❛♥ ❜❡ s♣❧✐tt❡❞ ✐♥t♦ ❜❧♦❝❦ ♠❛tr✐❝❡s ♦❢ ♥❛t✉r❛❧ s✐③❡s✹
S(k) =
(
a+(k) b−(k)
b+(k) a−(k)
)
, ✭✷✳✶✸✮
✇❤❡r❡ a±(k) ❛❧❧♦✇s ❢♦r ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ✐♥t♦ C± r❡s♣❡❝t✐✈❡❧②✳
•
X−1(x, t, k) = X†(x, t, k∗) , Y −1(x, t, k) = Y †(x, t, k∗) , ✭✷✳✶✹✮
❛♥❞ ❤❡♥❝❡
S(k)−1 = S†(k∗) . ✭✷✳✶✺✮
■♥ ❝♦♠♣♦♥❡♥ts✱ ✇❡ ❞❡♥♦t❡
S(k)−1 =
(
c−(k) d−(k)
d+(k) c+(k)
)
. ✭✷✳✶✻✮
❆❝❝♦r❞✐♥❣❧②✱ c∓(k) ❤❛s ❛♥ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ✐♥t♦ C∓✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s
(a±)†(k∗) = c∓(k) , k ∈ C∓ , ✭✷✳✶✼✮
det a+(k) = c+(k) , k ∈ C+ . ✭✷✳✶✽✮
✸❍❡r❡✱ t❤❡ ❧❡❢t ✧❝♦❧✉♠♥✧ ✈❡❝t♦r ✐s ♠❛❞❡ ♦❢ t❤❡ ✜rst ❧❡❢t n ❝♦❧✉♠♥s ❛♥❞ t❤❡ r✐❣❤t ♦♥❡ ✐s ♠❛❞❡ ♦❢ t❤❡
r❡♠❛✐♥✐♥❣ ❝♦❧✉♠♥✳ ❚❤✐s ❝♦❧✉♠♥ ✈❡❝t♦r r❡♣r❡s❡♥t❛t✐♦♥ ✇✐❧❧ ❛❧✇❛②s ❜❡ ✉s❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r✳
✹❋♦r ✐♥st❛♥❝❡✱ a+ ✐s ❛♥ n× n ♠❛tr✐① ✇❤✐❧❡ a− ✐s ❛ s❝❛❧❛r✳
✹
❋♦r ❱◆▲❙✱ t❤❡r❡ ❛r❡ t✇♦ ❡q✉✐✈❛❧❡♥t s❡ts ♦❢ s❝❛tt❡r✐♥❣ ❢✉♥❝t✐♦♥s {a±(k), b±(k)} ❛♥❞
{c±(k), d±(k)} ❛✈❛✐❧❛❜❧❡ t♦ r❡❝♦♥str✉❝t R(x, t) ✐♥ t❤❡ ✐♥✈❡rs❡ ♣❛rt ♦❢ t❤❡ ■❙▼ ❬✶✻❪✳ ■♥
t❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ❝❤♦♦s❡ t♦ ✇♦r❦ ✇✐t❤ a±(k) ❛♥❞ b±(k)✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡
s♦❧✐t♦♥ s♦❧✉t✐♦♥s ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♥❛❧②t✐❝ str✉❝t✉r❡ ♦❢ a±(k)✳
❆ ❦❡② ♦❜s❡r✈❛t✐♦♥ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s♦❧✐t♦♥ t❤❡♦r② ✐s t❤❛t t❤❡ ■❙▼ ❝❛♥ ❜❡ ❝❛st
✐♥t♦ ❛ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠✳ ❚❤❡ ❧❛tt❡r ♦✛❡rs ❛ ♥❛t✉r❛❧ ❛♥❞ ♣♦✇❡r❢✉❧ ❢r❛♠❡✇♦r❦
❢♦r t❤❡ s♦✲❝❛❧❧❡❞ ❞r❡ss✐♥❣ ♠❡t❤♦❞ ❬✶✵✱ ✶✶❪✳ ■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❣❡♥❡r❛❧
r❡s✉❧ts ❛❜♦✉t t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞ ❜❡❢♦r❡ r❡t✉r♥✐♥❣ t♦ t❤❡ ❝❛s❡ ♦❢ ❱◆▲❙✳
✷✳✷ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠ ❛♥❞ ❞r❡ss✐♥❣ ♠❡t❤♦❞
❲❡ ♠❛✐♥❧② ❢♦❧❧♦✇ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❝❤❛♣t❡r 3 ♦❢ ❬✶✼❪ ❛♥❞ ❜❡❣✐♥ ❜② st❛t✐♥❣ t❤❡ ♠❛✐♥
♣r♦♣♦s✐t✐♦♥s ❛❜♦✉t t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ✭❘❍✮ ♣r♦❜❧❡♠s ✇✐t❤ ③❡r♦❡s
❛♥❞ t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞✳ ❲❡ r❡❢❡r r❡❛❞❡rs t♦ ❬✶✼❪ ❢♦r ❞❡t❛✐❧s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r t❤❡
♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✷✳✸ ❛♥❞ ✷✳✹ ❜❡❧♦✇✳
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❘❍ ♣r♦❜❧❡♠ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ ♥♦r♠❛❧✐③❛t✐♦♥
J +(k)J −(k) = J (k) , k ∈ R , lim
|k|→∞
J ±(k)→ I , ✭✷✳✶✾✮
✇❤❡r❡ J (k) ✐s t❤❡ ❥✉♠♣ ♠❛tr✐① s❛t✐s❢②✐♥❣ detJ (k) 6= 0 ❢♦r k ∈ R✳ ❚❤✐s ❘❍ ♣r♦❜❧❡♠
✐s ❞✐s❝✉ss❡❞ ✐♥ s♦♠❡ ❞❡t❛✐❧s ❢♦r ✐♥st❛♥❝❡ ✐♥ s❡❝t✐♦♥ 7.5 ♦❢ ❬✶✽❪✳ ❚❤❡ ♠❛tr✐① J ±(k) ✐s
❛♥❛❧②t✐❝ ✐♥ C±✳ ❚❤✐s ♣r♦❜❧❡♠ ❤❛s ❛ ✉♥✐q✉❡ r❡❣✉❧❛r s♦❧✉t✐♦♥ J ±0 (k) t❤❛t ✐s ❛ s♦❧✉t✐♦♥
✇✐t❤ detJ ±0 (k) 6= 0✳ ■♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♦❧✐t♦♥ s♦❧✉t✐♦♥s✱ t❤❡ ♥♦t✐♦♥ ♦❢ ❘❍ ♣r♦❜❧❡♠s
✇✐t❤ ③❡r♦❡s ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✳ ❆❧t❤♦✉❣❤ ♥♦t t❤❡ ♠♦st ❣❡♥❡r❛❧ ♦♥❡ ✭s❡❡ ❡✳❣✳ ❬✶✾❪✮✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s s✉✣❝✐❡♥t ❢♦r ♦✉r ♣✉r♣♦s❡s✳
❉❡✜♥✐t✐♦♥ ✷✳✶ ❆ ♠❛tr✐① M(k) ✐s s❛✐❞ s✐♥❣✉❧❛r ❛t k = k0 ✐❢ detM(k0) = 0 ❛♥❞ ✐❢ ✐♥
t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ k0
M(k) = M0 + (k − k0)M1 +O(k − k0)
2 , M−1(k) =
N0
k − k0
+N1 +O(k − k0) .✭✷✳✷✵✮
❉❡✜♥✐t✐♦♥ ✷✳✷ ❆ ❘❍ ♣r♦❜❧❡♠ ✇✐t❤ ③❡r♦❡s ❛t k±j ∈ C
±✱ j = 1, . . . , N ✐s ❛ ❘❍ ♣r♦❜❧❡♠
❛s ✐♥ ✭✷✳✶✾✮ ✇❤❡r❡ J ±(k) ✐s s✐♥❣✉❧❛r ❛t k±j ✱ j = 1, . . . , N ✳
❚❤❡♥ ♦♥❡ ♣r♦✈❡s
Pr♦♣♦s✐t✐♦♥ ✷✳✸ ❋✐①✐♥❣ t❤❡ s✉❜s♣❛❝❡s Vj ≡ Im J
+(k)|k=k+j
❛♥❞ Uj ≡ Ker J
−(k)|k=k−j
✱
j = 1, . . . , N ❞❡t❡r♠✐♥❡s ✉♥✐q✉❡❧② t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❍ ♣r♦❜❧❡♠ ✇✐t❤ ③❡r♦❡s ❛t k±j ∈ C
±✳
■♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ✐s ♥♦ ❦♥♦✇♥ ❝❧♦s❡❞✲❢♦r♠ ❢♦r♠✉❧❛ t♦ s♦❧✈❡ ❛ ♠❛tr✐① ❘❍ ♣r♦❜❧❡♠✳
❍♦✇❡✈❡r✱ ♦♥❝❡ ❛ r❡❣✉❧❛r s♦❧✉t✐♦♥ ✐s ❦♥♦✇♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t s✐♥❣✉❧❛r s♦❧✉t✐♦♥s
❢r♦♠ ✐t✳
Pr♦♣♦s✐t✐♦♥ ✷✳✹ ▲❡t J ±(k) ❜❡ t❤❡ s✐♥❣✉❧❛r s♦❧✉t✐♦♥ ❛t k±0 ∈ C
± ✇✐t❤
ImJ +(k)
∣∣
k=k+
0
= V0 , KerJ
−(k)
∣∣
k=k−
0
= U0 , ✭✷✳✷✶✮
✺
❛♥❞ ❧❡t J ±0 (k) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❘❍ ♣r♦❜❧❡♠ r❡❣✉❧❛r ❛t k
±
0 ✳ ❚❤❡♥ J
±(k) ❝❛♥
❜❡ ✇r✐tt❡♥ ❛s
J +(k) = J +0 (k)(In+1 +
k−0 − k
+
0
k − k−0
Π0) , J
−(k) = (In+1 +
k+0 − k
−
0
k − k+0
Π0)J
−
0 (k) . ✭✷✳✷✷✮
❍❡r❡ Π0 ✐s t❤❡ ♣r♦❥❡❝t♦r ❞❡✜♥❡❞ ❜②
KerΠ0 =
(
J +0 (k
+
0 )
)−1
V0 , ImΠ0 = J
−
0 (k
−
0 )U0 . ✭✷✳✷✸✮
Pr♦♣♦s✐t✐♦♥ ✷✳✹ ✐♥tr♦❞✉❝❡s ✇❤❛t ✐s ❝❛❧❧❡❞ ❛ ❞r❡ss✐♥❣ ❢❛❝t♦r ✭♦❢ ❞❡❣r❡❡ 1✮ ✇❤✐❝❤ tr❛♥s❢♦r♠s
J ±0 (k) r❡❣✉❧❛r ❛t k
±
0 ✐♥t♦ J
±(k) s✐♥❣✉❧❛r ❛t k±0 ✳ ❚❤✐s ❣✐✈❡s ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❝♦♥str✉❝t
❛ s✐♥❣✉❧❛r s♦❧✉t✐♦♥ J ±(k) ❛t ❞✐st✐♥❝t k±j ∈ C
±✱ j = 1, . . . , N ❢r♦♠ ❛ r❡❣✉❧❛r s♦❧✉t✐♦♥
J ±0 (k)✳ Pr❡❝✐s❡❧②✱ ❧❡t k
±
j ∈ C
±✱ j = 1, . . . , N ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s♣❛❝❡s Vj✱ Uj
❜❡ ❣✐✈❡♥✳ ❯s❡ Pr♦♣♦s✐t✐♦♥ ✷✳✹ r❡♣❡❛t❡❞❧② t♦ ❝♦♥str✉❝t J ±(k) s✐♥❣✉❧❛r ❛t k±j r❡❝✉rs✐✈❡❧②
❢r♦♠ J ±0 (k) st❛rt✐♥❣ ❢r♦♠ k
±
1 ✱ k
±
2 ✉♣ t♦ k
±
N ✳ ❈♦♥s❡q✉❡♥t❧②✱ J
±(k) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
J +(k) =J +0 (k)
(
In+1 +
k−1 − k
+
1
k − k−1
Π1
)
. . .
(
In+1 +
k−N − k
+
N
k − k−N
ΠN
)
, ✭✷✳✷✹✮
J −(k) =
(
In+1 +
k+N − k
−
N
k − k+N
ΠN
)
. . .
(
In+1 +
k+1 − k
−
1
k − k+1
Π1
)
J −0 (k) , ✭✷✳✷✺✮
✇❤❡r❡✱ ❢♦r j = 1, . . . , N
KerΠj =
(
J +0 (k
+
j )
(
In+1 +
k−1 − k
+
1
k+j − k
−
1
Πj−1
)
. . .
(
In+1 +
k−j−1 − k
+
j−1
k+j − k
−
j−1
Π1
))−1
Vj ,
✭✷✳✷✻✮
ImΠj =
(
In+1 +
k+j−1 − k
−
j−1
k−j − k
+
j−1
Πj−1
)
. . .
(
In+1 +
k+1 − k
−
1
k−j − k
+
1
Π1
)
J −0 (k
−
j )Uj . ✭✷✳✷✼✮
◆♦✇ ❝♦♠❡s ❛ s✐♠♣❧❡ ❜✉t ❢✉♥❞❛♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥ ✇❤✐❝❤ ✐s ❛❜s❡♥t ✐♥ ❝❤❛♣t❡r 3 ♦❢ ❬✶✼❪✳
■♥ t❤❡ ❛❜♦✈❡ ❝♦♥str✉❝t✐♦♥✱ ♦♥❡ ❝❛♥ ✐t❡r❛t❡ Pr♦♣♦s✐t✐♦♥ ✷✳✹ ❜② ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ♦r❞❡r ♦♥
t❤❡ k±j ✳ ▲❡t SN ❜❡ t❤❡ ♣❡r♠✉t❛t✐♦♥ ❣r♦✉♣ ♦♥ t❤❡ s❡t {1, . . . , N} ❛♥❞ ❧❡t σ ∈ SN ✳ ❉❡♥♦t❡
t❤❡ ✐♠❛❣❡ ♦❢ (1, . . . , N) ✉♥❞❡r σ ❜② (σ(1), . . . , σ(N)) ❛♥❞ ✐♥tr♦❞✉❝❡ κ±j = k
±
σ(j)✳ ❚❤❡♥✱
t❤❡ s✉❜s♣❛❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ κ±j ❛r❡ Vσ(j)✱ Uσ(j)✳ ❘❡♣❡❛t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦❝❡❞✉r❡✱
st❛rt✐♥❣ ❢r♦♠ κ±1 ✉♣ t♦ κ
±
N ✱ ✇❡ ♦❜t❛✐♥
J˜ +(k) =J +0 (k)
(
In+1 +
k−σ(1) − k
+
σ(1)
k − k−σ(1)
Πσ1
)
. . .
(
In+1 +
k−σ(N) − k
+
σ(N)
k − k−σ(N)
ΠσN
)
, ✭✷✳✷✽✮
J˜ −(k) =
(
In+1 +
k+σ(N) − k
−
σ(N)
k − k+σ(N)
ΠσN
)
. . .
(
In+1 +
k+σ(1) − k
−
σ(1)
k − k+σ(1)
Πσ1
)
J −0 (k) , ✭✷✳✷✾✮
✻
✇❤❡r❡✱ ❢♦r j = 1, . . . , N
KerΠσj =
(
J +0 (k
+
σ(j))
(
In+1 +
k−σ(1) − k
+
σ(1)
k+σ(j) − k
−
σ(1)
Πσj−1
)
. . .
(
In+1 +
k−σ(j−1) − k
+
σ(j−1)
k+σ(j) − k
−
σ(j−1)
Πσ1
))−1
Vσ(j) ,
✭✷✳✸✵✮
ImΠσj =
(
In+1 +
k+σ(j−1) − k
−
σ(j−1)
k−σ(j) − k
+
σ(j−1)
Πσj−1
)
. . .
(
In+1 +
k+σ(1) − k
−
σ(1)
k−σ(j) − k
+
σ(1)
Πσ1
)
J −0 (k
−
σ(j))Uσ(j) .
✭✷✳✸✶✮
■t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ t❤❛t Vj = Im J˜
+(k)
∣∣∣
k=k+j
❛♥❞ Uj = Ker J˜
−(k)
∣∣∣
k=k−j
✱
j = 1, . . . , N s♦ t❤❛t Pr♦♣♦s✐t✐♦♥ ✷✳✸ ✐♠♣❧✐❡s t❤❛t J˜ ±(k) = J ±(k)✳ ■♥ t✉r♥✱ t❤✐s ✐♠♣❧✐❡s
t❤❛t t❤❡ ♣r♦❞✉❝t ♦❢ ❞r❡ss✐♥❣ ❢❛❝t♦rs ✐♥ ✭✷✳✷✽✮✱ ✭✷✳✷✾✮ ✐s ❡q✉❛❧ t♦ t❤❡ ♣r♦❞✉❝t ♦❢ ❞r❡ss✐♥❣
❢❛❝t♦rs ✐♥ ✭✷✳✷✹✮✱ ✭✷✳✷✺✮✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐♥tr♦❞✉❝❡s t❤❡ ♥♦t✐♦♥ ♦❢ ❞r❡ss✐♥❣ ❢❛❝t♦r ♦❢
❞❡❣r❡❡ N ✇❤✐❝❤ tr❛♥s❢♦r♠s J ±0 (k) ✐♥t♦ J
±(k) s✐♥❣✉❧❛r ❛t k±j ✱ j = 1, . . . , N ✳ Pr♦♣♦s✐t✐♦♥
✷✳✸ ❛❧s♦ ❡♥s✉r❡s t❤❛t ❛ ❞r❡ss✐♥❣ ❢❛❝t♦r ♦❢ ♦r❞❡r N ❢❛❝t♦r✐s❡s ✐♥t♦ N ❞r❡ss✐♥❣ ❢❛❝t♦rs ♦❢
❞❡❣r❡❡ 1 ❛♥❞ t❤❛t t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ✐rr❡❧❡✈❛♥t✳ ❆t t❤✐s st❛❣❡✱ ✇❡ ♥♦t❡ t❤❛t
t❤✐s ❢❛❝t ✐s ❦♥♦✇♥ ✐♥ ✈❛r✐♦✉s ❞✐s❣✉✐s❡s ✭❡✳❣✳ ❛s t❤❡ ❇✐❛♥❝❤✐ ♣❡r♠✉t❛t✐✈✐t② ♣r♦♣❡rt②✮ ❛♥❞
✐♥ ✈❛r✐♦✉s ❝♦♥t❡①t ✭❡✳❣✳ ✐♥ t❤❡ t❤❡♦r② ♦❢ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧s✮ ❜✉t✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r
❦♥♦✇❧❡❞❣❡✱ ✐t ❤❛s ♥♦t ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛♥②✇❤❡r❡ ✐♥ t❤❡ ❛❜♦✈❡ ❢❛s❤✐♦♥✳ ❚❤✐s ✐s ✇❤② ✇❡
❢♦r♠✉❧❛t❡ ✐t ❛s ❛ t❤❡♦r❡♠ ❜❡❧♦✇ ✐♥ ❛ ❢♦r♠ s✉✐t❛❜❧❡ ❢♦r ♦✉r ♣✉r♣♦s❡s✳
❘❡♠❛r❦ ✷✳✺ ■t ✐s ✐♠♣♦rt❛♥t t♦ r❡❛❧✐③❡ t❤❛t t❤✐s ❞♦❡s ♥♦t ♠❡❛♥ ❛t ❛❧❧ t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧
❢❛❝t♦rs ✐♥ ❛ ❞r❡ss✐♥❣ ❢❛❝t♦r ♦❢ ❞❡❣r❡❡ N ❝♦♠♠✉t❡✳ ■♥❞❡❡❞✱ ✐♥ ❣❡♥❡r❛❧ Πσj 6= Πσ(j)✳ ❚❤✐s
❝❛♥ ❤❛♣♣❡♥ ✐♥ s♣❡❝✐❛❧ ❝✐r❝✉♠st❛♥❝❡s ❛♥❞ ✐♥ t❤❛t ❝❛s❡✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ s♦❧✐t♦♥s ✐s
tr✐✈✐❛❧ ❢r♦♠ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ ✐♠♣♦rt❛♥t ♠❡ss❛❣❡ ❤❡r❡ ✐s t❤❛t✱ ✐♥ t❤❡
❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ❛ ❞r❡ss✐♥❣ ❢❛❝t♦r ♦❢ ❞❡❣r❡❡ N ✱ t❤❡ ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ ♣r♦❥❡❝t♦rs ❛r❡
❝r✉❝✐❛❧✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡② ❛♣♣❡❛r ✐s ✐♠♣♦rt❛♥t✳ ❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱
✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥♦t❛t✐♦♥ t❤❛t ✇✐❧❧ ❤❡❧♣ ✉s ❢♦r♠✉❧❛t❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s s❡❝t✐♦♥ ❛♥❞
♣r♦✈❡ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ s♦❧✐t♦♥ ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✳
❉❡✜♥✐t✐♦♥ ✷✳✻ ●✐✈❡♥ J ±0 (k) ❛ r❡❣✉❧❛r s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❍ ♣r♦❜❧❡♠ ✭✷✳✶✾✮✳ ▲❡t σ ∈ SN
❜❡ ❣✐✈❡♥ ❛♥❞ ✇r✐t❡ (σ(1), . . . , σ(N)) = (i1, . . . , iN)✳ ●✐✈❡♥ k
±
j ❛♥❞ Vj✱ Uj✱ j = 1, . . . , N ✱
❛ ❣❡♥❡r❛❧ ❞r❡ss✐♥❣ ❢❛❝t♦r ♦❢ ❞❡❣r❡❡ 1 ✐s ❞❡✜♥❡❞ ❛s✱ ❢♦r 1 ≤ ℓ ≤ N ✱
Diℓ,{i1...iℓ−1}(k) = In+1 +
k−iℓ − k
+
iℓ
k − k−iℓ
Πiℓ,{i1...iℓ−1} ✭✷✳✸✷✮
✇❤❡r❡
KerΠiℓ,{i1...iℓ−1} =
[
Di1(k
+
iℓ
) . . . Diℓ−1,{i1...iℓ−2})(k
+
iℓ
)
]−1 (
J +0 (k
+
iℓ
)
)−1
Viℓ , ✭✷✳✸✸✮
ImΠiℓ,{i1...iℓ−1} =
[
Di1(k
−
iℓ
) . . . Diℓ−1,{i1...iℓ−2}(k
−
iℓ
)
]−1
J −0 (k
−
iℓ
)Uiℓ . ✭✷✳✸✹✮
❋✐♥❛❧❧②✱ t❤❡ ❞r❡ss✐♥❣ ❢❛❝t♦r ♦❢ ❞❡❣r❡❡ N ✐s ❞❡♥♦t❡❞ ❛s D1...N(k)✳
✼
◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ℓ = 1✱ ✇❡ ❞❡♥♦t❡ Di1,{}(k) ≡ Di1(k)✳ ❚❤✐s ❝♦♥✈❡♥t✐♦♥ ✇✐❧❧ ❜❡
❛❞♦♣t❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ❢♦r ❛♥② q✉❛♥t✐t② ✐♥✈♦❧✈✐♥❣ s❡ts ♦❢ ✐♥❞✐❝❡s ❛s s✉❜s❝r✐♣ts✳
❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞
t❤❡ ❢♦❧❧♦✇✐♥❣
❚❤❡♦r❡♠ ✷✳✼ ❆ ❞r❡ss✐♥❣ ❢❛❝t♦r ♦❢ ❞❡❣r❡❡ N ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ N ! ❡q✉✐✈❛❧❡♥t ♣r♦❞✲
✉❝ts ♦❢ N ❞r❡ss✐♥❣ ❢❛❝t♦rs ♦❢ ❞❡❣r❡❡ 1
D1...N(k) = Di1(k) . . . DiN ,{i1...iN−1}(k) , ✭✷✳✸✺✮
✇❤❡r❡ (i1, . . . , iN) ✐s ❛♥ ❛r❜✐tr❛r② ♣❡r♠✉t❛t✐♦♥ ♦❢ (1, . . . , N)✳
■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ ✉s❡ t❤❡ r❡s✉❧ts ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ❢♦r ❛ ❘❍ ♣r♦❜❧❡♠
❛r✐s✐♥❣ ❢r♦♠ ❛ ▲❛① ♣❛✐r ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ❧❛tt❡r ✐♥✈♦❧✈❡s t❤❡ ✈❛r✐❛❜❧❡s x ❛♥❞ t s♦ t❤❛t ✐♥
❢❛❝t✱ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥t ❘❍ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❢♦r♠
J +(x, t, k)J −(x, t, k) = J (x, t, k) , k ∈ R , lim
|k|→∞
J (x, t, k)→ I . ✭✷✳✸✻✮
❚❤❡ s✉❝❝❡ss ♦❢ t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❢❛❝t t❤❛t ❛❧❧ t❤❡ r❡s✉❧ts s❡❡♥ ✐♥ t❤✐s
s✉❜s❡❝t✐♦♥ ❣♦ t❤r♦✉❣❤ ❢♦r t❤✐s ♣❛r❛♠❡t❡r✲❞❡♣❡♥❞❡♥t ❘❍ ♣r♦❜❧❡♠ ♣r♦✈✐❞❡❞ ♦♥❡ ✇♦r❦s
✇✐t❤ (x, t)✲❞❡♣❡♥❞❡♥t s✉❜s♣❛❝❡s Vj(x, t)✱ Uj(x, t)✱ j = 1, . . . , N ✭❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♣r♦✲
❥❡❝t♦rs✮ ✇❤✐❝❤ ❛r❡ s✐♠♣❧② r❡❧❛t❡❞ t♦ Vj✱ Uj✱ j = 1, . . . , N ✱ ❜②
Vj(x, t) = ϕ(x, t, k
+
j )Vj , Uj(x, t) = ϕ(x, t, k
−
j )Uj , ✭✷✳✸✼✮
✇❤❡r❡ ϕ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ✉♥❞r❡ss❡❞ ▲❛① ♣❛✐r ❡q✉❛t✐♦♥s✺✳
✷✳✸ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❱◆▲❙✿ r❡❞✉❝t✐♦♥
❲❡ ❜❡❣✐♥ ❜② ❝♦❧❧❡❝t✐♥❣ s♦♠❡ ❦♥♦✇♥ ❢❛❝ts t❤❛t ❝❛♥ ❜❡ ❣❛t❤❡r❡❞ ❢♦r ✐♥st❛♥❝❡ ❢r♦♠ ❬✸✱ ✶✻✱
✷✵❪✳ ❚❤❡ s❝❛tt❡r✐♥❣ s②st❡♠ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✷✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ (x, t)✲
❞❡♣❡♥❞❡♥t ❘❍ ♣r♦❜❧❡♠
J+(x, t, k)J−(x, t, k) = J(x, t, k) , k ∈ R , lim
|k|→∞
J±(x, t, k)→ In+1 . ✭✷✳✸✽✮
❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ❞❡✜♥✐♥❣
J+(x, t, k) =
(
a+(k) 0
0 c+(k)
)(
(X+, Y +
)−1
(x, t, k) , J−(x, t, k) =
(
Y −, X−
)
(x, t, k) ,
✭✷✳✸✾✮
❛♥❞
J(x, t, k) = e−iφ(x,t,k)Σ3
(
I b−(k)
d+(k) 1
)
eiφ(x,t,k)Σ3 , k ∈ R . ✭✷✳✹✵✮
■♥ ♣❛rt✐❝✉❧❛r✱
det J+(x, t, k) = det a+(k) , det J−(x, t, k) = a−(k) . ✭✷✳✹✶✮
❖♥❡ t❤❡♥ ❤❛s
✺■♥❞❡❡❞✱ ϕ s❛t✐s✜❡s Uϕ = ϕx✱ V ϕ = ϕt✱ ✇✐t❤ Ut − Vx + [U, V ] = 0 ✭③❡r♦ ❝✉r✈❛t✉r❡ ❝♦♥❞✐t✐♦♥✮✳ ❚❤❡
▲❛① ♣❛✐r ✭✷✳✷✱ ✷✳✸✮ ✐s ❛♥♦t❤❡r ✇❛② t♦ ❡①♣r❡ss t❤❡ ③❡r♦ ❝✉r✈❛t✉r❡ ❝♦♥❞✐t✐♦♥✳ ❋♦r ❱◆▲❙✱ ϕ ✐s s✐♠♣❧②
r❡❧❛t❡❞ t♦ Φ ✇❤✐❝❤ s❛t✐s✜❡s ✭✷✳✷✱ ✷✳✸✮ ❜② ϕ = Φe−iφ(x,t,k)Σ3 ✳
✽
Pr♦♣♦s✐t✐♦♥ ✷✳✽ ❈♦♥s✐❞❡r t❤❡ ❘❍ ♣r♦❜❧❡♠ ❞❡✜♥❡❞ ✐♥ ✭✷✳✸✽✮✳ ▲❡t J±(x, t, k) ❜❡ ❛ s♦✲
❧✉t✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠✱ t❤❡♥ J+(x, t, k) ✭r❡s♣✳ J−(x, t, k) ✮ s❛t✐s✜❡s t❤❡
▲❛① ♣❛✐r ✭✷✳✻✱ ✷✳✼✮ ✭r❡s♣✳ ✭✷✳✷✱ ✷✳✸✮✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ J+(x, t, k) ❣✐✈❡s ❛ ✉♥✐q✉❡❧② ❞❡✜♥❡❞
Q(x, t) ❜②
Q(x, t) = lim
|k|→∞
−ik[Σ3, J
+(x, t, k)] . ✭✷✳✹✷✮
✭✷✳✹✷✮ ✐s ❝❛❧❧❡❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛ ❢♦r Q(x, t)✳
❆❧t❤♦✉❣❤ ✐♥ ❣❡♥❡r❛❧ ♦♥❡ ❝❛♥♥♦t s♦❧✈❡ t❤❡ ❘❍ ♣r♦❜❧❡♠ ❡①♣❧✐❝✐t❡❧②✱ ♣✉r❡ N ✲s♦❧✐t♦♥
s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ✉s✐♥❣ t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ✉s✉❛❧ ❛♣♣r♦❛❝❤
t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❛ss✉♠✐♥❣ t❤❛t det a+(k) ✭r❡s♣✳ a−(k)✮ ❤❛s ❛ ✜♥✐t❡ ♥✉♠❜❡r N ♦❢
s✐♠♣❧❡ ③❡r♦s k+j ∈ C
+ ✭r❡s♣✳ k−j ∈ C
−✮✱ j = 1, . . . , N ✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ✉s❡
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❘❍ ♣r♦❜❧❡♠ ✇✐t❤ ③❡r♦❡s ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳
❈♦♥s✐❞❡r✐♥❣ ❛ tr✐✈✐❛❧ r❡❣✉❧❛r s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❍ ♣r♦❜❧❡♠ ✭✷✳✸✽✮ J±0 (x, t, k) = In+1 ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ Q(x, t) = 0✱ ♦♥❡ t❤❡♥ ❝♦♥str✉❝ts t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❘❍ ♣r♦❜❧❡♠ ✇✐t❤
③❡r♦❡s ❛t k±j ✱ j = 1, . . . , N ✳ ❚❤❡ ❧❛tt❡r ❡♥❥♦②s ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ❤❡r❡ ❞✉❡ t♦ t❤❡
r❡❞✉❝t✐♦♥ s②♠♠❡tr② ✭✷✳✺✮✳ Pr❡❝✐s❡❧②✱ ✭✷✳✶✼✮ ✐♠♣❧✐❡s
k+j = (k
−
j )
∗ ≡ kj ∈ C
+ , ✭✷✳✹✸✮
❖♥❡ ❛❧s♦ ❣❡ts
Uj(x, t) = span
{
e−iφ(x,t,k
∗
j )Σ3
(
βj
−1
)}
, V⊥j (x, t) = Uj(x, t) , ✭✷✳✹✹✮
✇❤❡r❡ βj ✐s ❛ ♥♦♥✲③❡r♦ ✈❡❝t♦r ✐♥ C
n ❛♥❞ V⊥j r❡♣r❡s❡♥ts t❤❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ♦❢
Vj✳ ❍❡r❡ βj ✐s t❤❡ s♦✲❝❛❧❧❡❞ ♥♦r♠✐♥❣ ❝♦♥st❛♥t ❛ss♦❝✐❛t❡❞ t♦ kj✳ ◆♦t❡ t❤❛t ✭✷✳✹✹✮ ✐♠♣❧✐❡s
t❤❛t t❤❡ ♣r♦❥❡❝t♦rs ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞r❡ss✐♥❣ ❢❛❝t♦rs ❛r❡ r❛♥❦✲♦♥❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦rs✳
❙♦ t❤❡ ❞❡❣r❡❡ 1 ❞r❡ss✐♥❣ ❢❛❝t♦r r❡❛❞s
Dij ,{i1...ij−1}(x, t, k) = In+1 +
(
fij(k)− 1
)
Πij ,{i1...ij−1}(x, t) , fij(k) =
k − kij
k − k∗ij
, ✭✷✳✹✺✮
❛♥❞ ❡♥❥♦②s t❤❡ ♣r♦♣❡rt②
D−1ij ,{i1...ij−1}(x, t, k) = D
†
ij ,{i1...ij−1}
(x, t, k∗) . ✭✷✳✹✻✮
❉❡✜♥✐♥❣
ζij ,{i1...ij−1}(x, t) = D
†
i1...ij−1
(x, t, kj)e
−iφ(x,t,k∗j )Σ3
(
βij
−1
)
, ✭✷✳✹✼✮
♦♥❡ ❣❡ts
Πij ,{i1...ij−1}(x, t) =
ζij ,{i1...ij−1}ζ
†
ij ,{i1...ij−1}
(x, t)
ζ†ij ,{i1...ij−1}ζij ,{i1...ij−1}(x, t)
. ✭✷✳✹✽✮
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛ ✭✷✳✹✷✮ ❜❡❝♦♠❡s
Q(x, t) =
N∑
j=1
i(kj − k
∗
j )[Σ3,Πj,{1,...,j−1}(x, t)] . ✭✷✳✹✾✮
❋♦r ❧❛t❡r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳
✾
❉❡✜♥✐t✐♦♥ ✷✳✾ ▲❡t σ ∈ SN ❜❡ ❣✐✈❡♥ ❛♥❞ ✇r✐t❡ (σ(1), . . . , σ(N)) = (i1, . . . , iN)✳ ❉❡✜♥❡
di1...iℓ(k)✱ 1 ≤ ℓ ≤ N ✱ r❡❝✉rs✐✈❡❧② ❜②
di1...iℓ(k) = di1(k) di2,{i1}(k) . . . diℓ,{i1...iℓ−1}(k) , ✭✷✳✺✵✮
✇❤❡r❡✱ ❢♦r 1 ≤ j ≤ ℓ✱
dij ,{i1...ij−1}(k) = In +
(
fij(k)− 1
)
πij ,{i1...ij−1} , ✭✷✳✺✶✮
πij ,{i1...ij−1} =
ξij ,{i1...ij−1}ξ
†
ij ,{i1...ij−1}
ξ†ij ,{i1...ij−1}ξij ,{i1...ij−1}
, ξij ,{i1...ij−1} = d
†
{i1...ij−1}
(kij)βij , fl(k) =
k − kl
k − k∗l
.
✭✷✳✺✷✮
■♥ t❤❡ ♣✉r❡ N ✲s♦❧✐t♦♥ s②st❡♠✱ ♦♥❡ ❤❛s
a+(k) = di1...iN (k) ❛♥❞ det a
+(k) =
N∏
j=1
fj(k) , ✭✷✳✺✸✮
✇❤❡r❡ a+(k) ✐s ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✸✮✳ ❚❤❡ ❛♥❛❧②t✐❝ str✉❝t✉r❡ ♦❢ a+(k) ✐s t❤❡r❡❢♦r❡ ❝♦♠♣❧❡t❡❧②
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞r❡ss✐♥❣ ❢❛❝t♦r di1...iN (k)✳ ❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛tr✐① Aj ❜②
Aj
det a+(kj)
′
= lim
k→kj
(k − kj)(a
+(k))−1 , det a+(kj)
′
=
d det a+(k)
dk
∣∣∣∣
k=kj
. ✭✷✳✺✹✮
Aj ❝♦♥t❛✐♥s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ r❡s✐❞✉❡ ♦❢ (a
+(k))−1 ❛t kj ❛♥❞ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t
r♦❧❡ ❢♦r t❤❡ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ♦❢ ❱◆▲❙ ♦♥ t❤❡ ❤❛❧❢✲❧✐♥❡ ❬✷❪✳ ■t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ s❡❝t✐♦♥ ✸✳
✷✳✹ ❋❛❝t♦r✐③❛t✐♦♥ ♦❢ N✲s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥ ❛♥❞ ❨❛♥❣✲❇❛①t❡r ♠❛♣s
❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❞✐s❝✉ss t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt② ♦❢ N ✲s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥s ✐♥ t❤❡
❱◆▲❙ ❡q✉❛t✐♦♥✳ ❚❤✐s ❤❛s ❛❧r❡❛❞② ❜❡❡♥ tr❡❛t❡❞ ✐♥ ❬✹✱ ✺❪ ❢r♦♠ t✇♦ ❞✐✛❡r❡♥t ❛♥❣❧❡s✳ ■♥
❬✹❪✱ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s s❤♦✇♥ ❜② ♠❡❛♥s ♦❢ ❛♥ ✐♥✈♦❧✈❡❞ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❢r♦♠ t❤❡
N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥✳ ■♥ ❬✺❪✱ t✇♦✲s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❨❛♥❣✲
❇❛①t❡r ♠❛♣ ❬✷✶❪✳ ❆❧t❤♦✉❣❤ t❤❡ t❡❝❤♥✐❝❛❧ t♦♦❧ ✐s ❜❛s❡❞ ♦♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s❡s ♦❢ t❤❡
N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ✐♥ ❜♦t❤ ♣❛♣❡rs ❛♥❞ ❛❧s♦ ✐♥ ♦✉rs✱ ✇❡ str❡ss t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❤❡r❡
✐s t❤❛t ♦✉r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞r❡ss✐♥❣ ♠❡t❤♦❞ ❛♥❞ ✐ts ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡
❚❤❡♦r❡♠ ✷✳✼✳ ❚❤✐s ❡♥s✉r❡s t❤❛t t❤❡ ✇❤♦❧❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ✐s ✐♥
❢❛❝t ❝♦♥s✐st❡♥t ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣✳ ■♥ ❛ s❡♥s❡✱ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥ ✐s
❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❝♦♥s✐st❡♥❝②✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❤❛✈❡ ❛♥ ❛ ♣r✐♦r✐ ♣r♦♦❢
♦❢ ❢❛❝t♦r✐③❛t✐♦♥ ✇❤❡r❡❛s t❤❡ ❞✐s❝✉ss✐♦♥s ✐♥ ❬✹✱ ✺❪ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣♦st❡r✐♦r✐ ❝❤❡❝❦s t❤❛t
t❤❡ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ■❙▼ ✐s ❝♦♥s✐st❡♥t✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❡r♠s
♦❢ ❨❛♥❣✲❇❛①t❡r ♠❛♣s t✉r♥s ♦✉t t♦ ❜❡ ♣♦✇❡r❢✉❧ t♦ ❞✐s❝✉ss ❢❛❝t♦r✐③❛t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡s ❛
♥❛t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❞r❡ss✐♥❣ ❢❛❝t♦rs ❛♥❞ t❤❡✐r ♣r♦♣❡rt✐❡s ❛s ✇❡ ✇✐❧❧ s❡❡ ❜❡❧♦✇✳ ❖♥❡
✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t str✐❝t❧② s♣❡❛❦✐♥❣✱ ✐♥ ❬✺❪✱ t❤❡ ♠❛♣ ❜❡t✇❡❡♥ t✇♦ ♣♦❧❛r✐③❛t✐♦♥
✈❡❝t♦rs ✐s ❡st❛❜❧✐s❤❡❞ ❢r♦♠ ❛ t✇♦✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ❛♥❞ t❤❡♥ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❞✐s❝✉ss❡❞
❜❛s❡❞ ♦♥ t❤✐s✳ ❍♦✇❡✈❡r✱ t♦ ❝♦♠♣❧❡t❡ t❤❡ ❛r❣✉♠❡♥t✱ ♦♥❡ ❤❛s t♦ ❞❡r✐✈❡ s✉❝❤ ❛ ♠❛♣
✶✵
❜❡t✇❡❡♥ t✇♦ ❛r❜✐tr❛r② ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ✇✐t❤✐♥ ❛ ❢✉❧❧ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s✳ ❚❤✐s ✇❛s ✐♥
❢❛❝t t❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ♦❢ ❬✹❪✳ ❍❡r❡✱ ✇❡ ♣❡r❢♦r♠ t❤✐s t❛s❦
❞✐r❡❝t❧② ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❞r❡ss✐♥❣ ❢❛❝t♦rs ✉s✐♥❣ ❚❤❡♦r❡♠ ✷✳✼✳ ❚❤✐s r❡s✉❧ts ✐♥ ♣❛rt✐❝✉❧❛r
✐♥ ▲❡♠♠❛ ✷✳✶✹ ❜❡❧♦✇✳
❲❡ ♥♦✇ ♠❛❦❡ t❤❡ ❞✐s❝✉ss✐♦♥ ♠♦r❡ ♣r❡❝✐s❡✳ ❋✐rst ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❣❡♥❡r❛❧
❢♦r♠ ♦❢ ❛ ♦♥❡✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② k0 =
1
2
(u0 + iv0)✱ v0 > 0 ❛♥❞ β0✱
R(x, t) = p0 v0
e−i(u0x+(u
2
0
−v2
0
)t)
cosh(v0(x+ 2u0t−∆x0))
≡ p0q0(x, t) , ✭✷✳✺✺✮
✇❤❡r❡ ∆x0 =
ln |β0|
v0
✱ p0 =
β0
|β0|
✳ ❚❤❡ ✉♥✐t ✈❡❝t♦r p0 ✐s t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ s♦❧✐t♦♥✱
w0 = −2u0 ✐ts ✈❡❧♦❝✐t②✱ v0 ✐ts ❛♠♣❧✐t✉❞❡ ❛♥❞ ∆x0 ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡
❡♥✈❡❧♦♣❡ ♦❢ t❤❡ s♦❧✐t♦♥ ❛t t = 0✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ✐s t❤❛t ❛ ✈❡❝t♦r ♦♥❡✲s♦❧✐t♦♥ ✐s s✐♠♣❧②
❛ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦r p t✐♠❡s ❛ s❝❛❧❛r ♦♥❡✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ q(x, t)✳
◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
kj =
1
2
(uj + ivj) , vj > 0 , j = 1, . . . , N , ✭✷✳✺✻✮
✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts βj✳ ▲❡t wj = −2uj✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦✲
s✐t✐♦♥ s❤♦✇s t❤❛t ❛s t→ ±∞✱ ❛♥ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ❧♦♦❦s ❧✐❦❡ t❤❡ s✉♠ ♦❢ N ♦♥❡✲s♦❧✐t♦♥
s♦❧✉t✐♦♥s ✉♣ t♦ ❡①♣♦♥❡♥t✐❛❧❧② ✈❛♥✐s❤✐♥❣ t❡r♠s✳
Pr♦♣♦s✐t✐♦♥ ✷✳✶✵ ❙✉♣♣♦s❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t u1 < u2 < . . . < uN ✳ ❉❡✲
♥♦t❡ Rin(x, t) ✭r❡s♣✳ Rout(x, t)✮ t❤❡ ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥ R(x, t) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t→ −∞
✭r❡s♣✳ t→∞✮✳ ❚❤❡♥✱
Rin/out(x, t) =
N∑
j=1
p
in/out
j vj
e−i(ujx+(u
2
j−v
2
j )t)
cosh(vj(x− wjt−∆x
in/out
j ))
+O(e−vw˜|t|) . ✭✷✳✺✼✮
❍❡r❡ v = min
j
vj✱ w˜ = min
l 6=j
|wl − wj|✱ ∆x
in/out
j =
ln |β
in/out
j |
vj
❛♥❞ p
in/out
j =
β
in/out
j
|β
in/out
j |
✇✐t❤
βinj =
j−1∏
ℓ=1
fℓ(k
∗
j ) d
†
j+1...N(kj) βj , β
out
j =
N∏
ℓ=j+1
fℓ(k
∗
j ) d
†
1...j−1(kj) βj , ✭✷✳✺✽✮
✇❤❡r❡ fℓ(k) ❛♥❞ di1...iℓ(k) ❛r❡ ❞❡✜♥❡❞ ✐♥ ❙❡❝✳ ✷✳✸✳
Pr♦♦❢✿ ❲❡ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛ ♦❢ t❤❡ s❝❛❧❛r ❝❛s❡ ❬✸❪ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
♣r♦❥❡❝t♦rs Πj,{1...j−1}(x, t) ❛s t→ ±∞✳ ❚♦ ❣❡t t❤❡ r❡s✉❧t✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t R(x, t)
❛♣♣r♦❛❝❤❡s t❤❡ ♦♥❡✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ❢♦❧❧♦✇✐♥❣ t❤❡ tr❛❥❡❝t♦r② ♦❢ ❛ ♣❛rt✐❝✉❧❛r s♦❧✐t♦♥ l ✐✳❡✳
x − wℓt = constant✱ ❛♥❞ t❤❛t ✐t ✈❛♥✐s❤❡s ❡①♣♦♥❡♥t✐❛❧❧② ❢♦r ❛❧❧ ♦t❤❡r ❞✐r❡❝t✐♦♥s ✐♥ t❤❡
(x, t)✲♣❧❛♥❡✳ ❇✉t ❤❡r❡ ✐♥ t❤❡ ✈❡❝t♦r ❝❛s❡✱ ❚❤❡♦r❡♠ ✷✳✼ ✐s ❝r✉❝✐❛❧ ❛♥❞ ❛❧❧♦✇s ✉s t♦ ✇r✐t❡
t❤❡ ❞r❡ss✐♥❣ ❢❛❝t♦r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠
D1...N = D1 . . . Dℓ−1,{1...ℓ−2}Dℓ+1,{1...ℓ−1} . . . DN,{1...ℓˆ...N−1}Dℓ,{1...ℓˆ...N} , ✭✷✳✺✾✮
✶✶
✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ {1 . . . ℓˆ . . . j} ♠❡❛♥s t❤❛t ℓ ✐s ♥♦t ❧✐st❡❞ ✐♥ {1 . . . j}✳ ❚❤✐s ♠❡❛♥s t❤❛t
Dℓ,{1...ℓˆ...N} ✐s t❤❡ ❧❛st ❞r❡ss✐♥❣ ❢❛❝t♦r ❛❞❞❡❞✳ ❚❤❡♥✱ r❡❝❛❧❧✐♥❣ ✭✷✳✹✼✱ ✷✳✹✽✮✱ ♦♥❡ ♦❜t❛✐♥s ❢♦r
x− wℓt = constant ❛s t→ −∞
D1 . . . DN,{1...ℓˆ...N−1}(x, t, k) =
(
dℓ+1...N(k) 0
0
∏ℓ−1
j=1 fj(k)
)
+O(e−vw˜|t|) , ✭✷✳✻✵✮
✇❤❡r❡❛s ❢♦r ❛❧❧ ♦t❤❡r ❞✐r❡❝t✐♦♥s✱ t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥ ②✐❡❧❞s O(e−vw˜|t|)✳ ❈♦♥s❡q✉❡♥t❧②✱
ζℓ,{1...ℓˆ...N}(x, t) =
(
d†ℓ+1...N(kℓ) 0
0
∏ℓ−1
j=1 f
∗
j (kℓ)
)
e−iφ(x,t,k
∗
ℓ )Σ3
(
βℓ
−1
)
+O(e−vw˜|t|) , ✭✷✳✻✶✮
❛♥❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛ ✭✷✳✹✾✮ ✐♠♣❧✐❡s
Q(x, t) = i(kℓ − k
∗
ℓ )

Σ3, ζℓ,{1...ℓˆ...N}ζ
†
ℓ,{1...ℓˆ...N}
(x, t)
ζ†
ℓ,{1...ℓˆ...N}
ζℓ,{1...ℓˆ...N}(x, t)

 . ✭✷✳✻✷✮
❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ t❤❡♥ ❣✐✈❡s ❢♦r x− wℓt = constant ❛s t→ −∞
R(x, t) = pinℓ vℓ
e−i(uℓx+(u
2
ℓ−v
2
ℓ )t)
cosh(vℓ(x− wℓt−∆xinℓ ))
+O(e−vw˜|t|) , ✭✷✳✻✸✮
✇✐t❤ t❤❡ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ❜❡✐♥❣ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ❚❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❝❛♥
❜❡ ❛♣♣❧✐❡❞ ❛s t→∞ t♦ ♦❜t❛✐♥ Rout(x, t)✳
❘❡♠❛r❦ ✷✳✶✶ ❚❤❡ ♦r❞❡r u1 < · · · < uN ♠❡❛♥s t❤❛t t❤❡ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t② wj − wj+1 ♦❢
t✇♦ ❝♦♥s❡❝✉t✐✈❡ s♦❧✐t♦♥s ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛s t → −∞✱ t❤❡ s♦❧✐t♦♥s ❛r❡
❞✐str✐❜✉t❡❞ ❛❧♦♥❣ t❤❡ ①✲❛①✐s ✐♥ t❤❡ ♦r❞❡r 1, 2, . . . , N ✳ ❚❤❡ ♣✐❝t✉r❡ ✐s r❡✈❡rs❡❞ ❛s t → ∞✳
❚❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ s♦❧✐t♦♥s ❛r❡ t❤❡r❡❢♦r❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❛s t→ ±∞✳
❘❡♠❛r❦ ✷✳✶✷ ❯s✐♥❣ ❚❤❡♦r❡♠ ✷✳✼✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡ ♣❡r❢♦r♠❡❞ t❤❡ ♣r♦♦❢ ❛♥❛❧♦❣♦✉s❧② ❜✉t
❝❤♦♦s✐♥❣ ❛♥② ♣❡r♠✉t❛t✐♦♥ ♣❧❛❝✐♥❣ iℓ ❛t ♣♦s✐t✐♦♥ N ❤❡♥❝❡ ❣✐✈✐♥❣
Di1 . . . Diℓ−1,{i1...iℓ−2}Diℓ,{i1...iℓ−1} . . . DiN−1,{i1...iN−2}Diℓ,{i1...iN−1}
✐♥st❡❛❞ ♦❢ ✭✷✳✺✾✮✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥s ❝❛♥ ♦❝❝✉r
✐♥ ❛ ❞✐✛❡r❡♥t ♦r❞❡r s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡✐r r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥s ❛t ❛♥ ❛r❜✐tr❛r② t✐♠❡
t✳ ❍♦✇❡✈❡r✱ t❤❡ ✜♥❛❧ r❡s✉❧t ❢♦r β
in/out
j ✇♦✉❧❞ ❜❡ t❤❡ s❛♠❡✳ ❚❤✐s ✐s t❤❡ ❡ss❡♥❝❡ ♦❢ t❤❡
❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt②✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ❝❛♥ ❜❡ ♠❛❞❡ ♣r❡❝✐s❡ ❜② ❛ss✐❣♥✐♥❣ ❛♥ ✧✐♥✲
t❡r♠❡❞✐❛t❡ t✐♠❡✧ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦r t♦ ❡❛❝❤ s♦❧✐t♦♥ ❛♥❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❛
t✇♦✲s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥ ✇✐t❤✐♥ ❛♥ N✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ♦♥ t❤❡ ❛ss✐❣♥❡❞ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝✲
t♦rs✳ ❚❤❡ ♠❛♣ ❜❡t✇❡❡♥ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ t✇♦✲s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥
✐s ❛ ❨❛♥❣✲❇❛①t❡r ♠❛♣ s❛t✐s❢②✐♥❣ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ ❨❛♥❣✲❇❛①t❡r ❡q✉❛t✐♦♥✳ ❚❤❡ ♠❛t❤❡✲
♠❛t✐❝❛❧ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt② ♦❢ ❝♦❧❧✐s✐♦♥s ✐s t❤❡r❡❢♦r❡ ❛♥ ❛ss♦❝✐❛t✐✈✐t②
♣r♦♣❡rt② ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ♦♥ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ❣✐✈❡♥ ❜② t❤❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣✳
✶✷
❘❡♠❛r❦ ✷✳✶✸ ❚❤❡ q✉❛♥t✐t② ∆xoutj −∆x
in
j r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ ♣♦s✐t✐♦♥ s❤✐❢t ✐♥❝✉rr❡❞ ❜②
s♦❧✐t♦♥ j t❤r♦✉❣❤ ✐ts ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ ♦t❤❡r s♦❧✐t♦♥s✳ ❚❤❡ ✉♥✐t ✈❡❝t♦r p
in/out
j r❡♣r❡s❡♥ts
t❤❡ ❛s②♠♣t♦t✐❝ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦r ♦❢ s♦❧✐t♦♥ j ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❛❧❧ ✐ts ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡
♦t❤❡r s♦❧✐t♦♥s✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ t❤❡s❡ q✉❛♥t✐t✐❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♦r❞❡r
♦❢ s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥s✳ ❲❡ s❡❡ t❤❛t ❜② ❡❧✐♠✐♥❛t✐♥❣ βj ✐♥ ✭✷✳✺✽✮ t❤❛t β
out
j ✐s ❝♦♠♣❧❡t❡❧②
❞❡t❡r♠✐♥❡❞ ❜② βinj t❤r♦✉❣❤ t❤❡ ❞r❡ss✐♥❣ ❢❛❝t♦rs✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♦❜t❛✐♥❡❞ r❡❧❛t✐♦♥s ❛r❡
❞✐✛❡r❡♥t ❢r♦♠ t❤♦s❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛♣❡r ❜② ▼❛♥❛❦♦✈ ✐♥ t❤❛t t❤❡② ❞♦ ♥♦t ❝❛❧❧
✉♣♦♥ βoutj r❡❝✉rs✐✈❡❧② ❢♦r j < ℓ t♦ ♦❜t❛✐♥ β
out
ℓ ✳ ❚❤❡ ♦r✐❣✐♥❛❧ ▼❛♥❛❦♦✈✬s ❢♦r♠✉❧❛ ♠❛❞❡ ✐t
❡①tr❡♠❡❧② ❞✐✣❝✉❧t t♦ s❡❡ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♣r♦♣❡rt② ❛♥❞ ✐♥ ❢❛❝t ❧❡❞ ❤✐♠ t♦ ❝♦♥❝❧✉❞❡ t❤❛t
✐t ❞✐❞ ♥♦t ❤♦❧❞✳
❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❛r❣✉♠❡♥t ❛♥❞ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠s ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦s✱
✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✧✐♥t❡r♠❡❞✐❛t❡ t✐♠❡✧ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs✳ ▲❡t
γij ,{ij+1...iN} =
(
ij−1∏
ℓ=i1
fℓ(k
∗
ij
)
)
d†ij+1...iN (kij) βij , , ✭✷✳✻✹✮
❛♥❞
pij ,{ij+1...iN} =
γij ,{ij+1...iN}
|γij ,{ij+1...iN}|
. ✭✷✳✻✺✮
❙♦ ✐♥ ♣❛rt✐❝✉❧❛r✱ pinj = pj,{j+1...N} ❛♥❞ p
out
j = pj,{1...j−1} ❛♥❞ t❤❡② ❝❛♥ ❜❡ ♣✐❝t♦r✐❛❧❧②
r❡♣r❡s❡♥t❡❞ ❛s
t→ −∞
t→∞
p1,{2...N} pj,{j+1...N} pNpl,{l+1...N}.. . . .. . .
.. . . .. . .pN,{1...N−1} pl,{1...l−1} p1pj,{1...j−1}
N ✲s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥
x
❲❡ ❝❛♥ ♥♦✇ ❢♦r♠✉❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t ❧❡♠♠❛✳
▲❡♠♠❛ ✷✳✶✹ ❈❤♦♦s❡ kj ❛♥❞ kl ❛♥❞ ❛ss✉♠❡ uj < ul✳ ❲r✐t❡ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ iρ = i1 . . . iq
❢♦r s♦♠❡ q ∈ {1, . . . , N} s✉❝❤ t❤❛t j ❛♥❞ l ❛r❡ ♥♦t ✐♥ {i1, . . . , iq}✳ ❚❤❡♥
pl,{j iρ} =
f ∗j (k
∗
l )
Ξlj
(
In + (f
∗
j (k
∗
l )− 1)pj,{l iρ}(pj,{l iρ})
†
)
pl,{iρ} , ✭✷✳✻✻✮
pj,{iρ} =
fl(k
∗
j )
Ξlj
(
In + (fl(k
∗
j )− 1)pl,{iρ}(pl,{iρ})
†
)
pj,{l iρ} , ✭✷✳✻✼✮
✇❤❡r❡
Ξ2lj = |fj(k
∗
l )|
2
(
1 +
(
(k∗j − kj)(kl − k
∗
l )
|kl − kj|2
)
|pjl,{iρ}|
2
)
, pjl,{iρ} = p
†
l,{iρ}
pj,{l iρ} . ✭✷✳✻✽✮
✶✸
Pr♦♦❢✿ ❋r♦♠ ✭✷✳✻✹✮✱ ✇❡ ❤❛✈❡
γj,{iρ} =
∏
fp(k
∗
j )
p∈{1...N}\{j,iρ}
d†iρ(kj)βj , γj,{l iρ} =
∏
fp(k
∗
j )
p∈{1...N}\{j,l,iρ}
d†l iρ(kj)βj , ✭✷✳✻✾✮
γl,{iρ} =
∏
fp(k
∗
l )
p∈{1...N}\{l,iρ}
d†iρ(kl)βl , γl,{j iρ} =
∏
fp(k
∗
l )
p∈{1...N}\{l,j,iρ}
d†j iρ(kl)βl . ✭✷✳✼✵✮
❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ d†iρ ❛♥❞ d
†
jiρ
✐♠♣❧✐❡s t❤❛t
γj,{l iρ} = f
∗
l (kj)
(
In + (f
∗
l (kj)− 1)pl,{iρ}p
†
l,{iρ}
)
γj,{iρ} , ✭✷✳✼✶✮
γl,{j iρ} = f
∗
j (kl)
(
In + (f
∗
j (kl)− 1)pj,{iρ}p
†
j,{iρ}
)
γl,{iρ} . ✭✷✳✼✷✮
■♥tr♦❞✉❝❡
Ξlj =
|γj,{iρ}|
|γj,{l iρ}|
, ✭✷✳✼✸✮
✇❡ ❤❛✈❡
Ξ2lj =
|fl(k
∗
j )|
2
|γj,{l iρ}|
2
(
γ†j,{liρ}
(
In + f
∗
l (k
∗
j )pl,{iρ}p
†
l,{iρ}
)(
In + fl(k
∗
j )pl,{iρ}p
†
l,{iρ}
)
γj,{l iρ}
)
,
= |fl(k
∗
j )|
2
(
1 +
(kl − k
∗
l )(k
∗
j − kj)
|kl − kj|2
|pjl,{iρ}|
2
)
. ✭✷✳✼✹✮
■t ✐s ❡❛s② t♦ s❡❡ t❤❛t Ξlj = Ξjl✳ ■♥s❡rt✐♥❣ ✭✷✳✼✸✮ ✐♥t♦ ✭✷✳✼✶✱ ✷✳✼✷✮ ②✐❡❧❞s ✭✷✳✻✻✱ ✷✳✻✼✮ ❜②
❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥✳
❘❡♠❛r❦ ✷✳✶✺ ❚❤❡ r❡❧❛t✐♦♥s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✶✹ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❛s ❛♥
✧✐♥t❡r♠❡❞✐❛t❡ t✐♠❡✧ ♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥ ❜❡t✇❡❡♥ s♦❧✐t♦♥ j ❛♥❞ s♦❧✐t♦♥ l✳ ❙✐♥❝❡ wj > wl
✭uj < ul✮✱ ❛❢t❡r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ♦t❤❡r s♦❧✐t♦♥s ✭r❡❧❛t❡❞ t♦ t❤❡ s❡t
{iρ}✮✱ s♦❧✐t♦♥ j ✇✐t❤ ♣♦❧❛r✐③❛t✐♦♥ pj,{liρ} ♦✈❡rt❛❦❡s s♦❧✐t♦♥ l ✇✐t❤ ♣♦❧❛r✐③❛t✐♦♥ pl,{iρ} ❛♥❞
❛❝q✉✐r❡s ♣♦❧❛r✐③❛t✐♦♥ pj,{iρ} ✇❤✐❧❡ s♦❧✐t♦♥ l ❤❛s t❤❡♥ ♣♦❧❛r✐③❛t✐♦♥ pl,{jiρ}✳ P✐❝t♦r✐❛❧❧②✱ t❤✐s
❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s
pj,{l iρ}
pl,{j iρ}
pl,{iρ}
pj,{iρ}
x
t
✶✹
❲❡ ❝♦♠♣❧❡t❡ t❤❡ ❞✐s❝✉ss✐♦♥ ❜② r❡✇r✐t✐♥❣ t❤❡ r❡❧❛t✐♦♥s ✐♥ ▲❡♠♠❛ ✷✳✶✹ ✐♥ t❡r♠s ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ♠❛♣ ❛❝t✐♥❣ ♦♥ CPn−1×CPn−1 ♦♥t♦ ✐ts❡❧❢ ✭s♦ t❤❛t t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥s ✐♥ ✭✷✳✻✻✮✱
✭✷✳✻✼✮ ❛r❡ ✐rr❡❧❡✈❛♥t✮
R(k1, k2) : (p
(i)
1 ,p
(i)
2 ) 7→ (p
(ii)
1 ,p
(ii)
2 ) , ✭✷✳✼✺✮
p
(ii)
1 =
(
In +
(
k∗1 − k2
k∗1 − k
∗
2
− 1
)
p
(i)
2 (p
(i)
2 )
†
(p
(i)
2 )
†p
(i)
2
)
p
(i)
1 , ✭✷✳✼✻✮
p
(ii)
2 =
(
In +
(
k2 − k
∗
1
k2 − k1
− 1
)
p
(i)
1 (p
(i)
1 )
†
(p
(i)
1 )
†p
(i)
1
)
p
(i)
2 . ✭✷✳✼✼✮
❚❤❡♥✱ ♦♥❡ ✜♥❞s t❤❛t t❤❡ ♠❛♣ R(k1, k2) ✐s ❛ r❡✈❡rs✐❜❧❡ ✭♣❛r❛♠❡tr✐❝✮ ❨❛♥❣✲❇❛①t❡r ♠❛♣
❬✷✶❪ ✐✳❡✳ ✐t s❛t✐s✜❡s ✻
R12(k1, k2)R13(k1, k3)R23(k2, k3) = R23(k2, k3)R13(k1, k3)R12(k1, k2) , ✭✷✳✼✽✮
❛♥❞
R21(k2, k1)R(k1, k2) = Id . ✭✷✳✼✾✮
❚❤❡ r❡✇r✐t✐♥❣ ♦❢ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ❛s ❛ ❨❛♥❣✲❇❛①t❡r ♠❛♣ ✐s t❤❡ ❜❛s✐s
♦❢ t❤❡ ❛r❣✉♠❡♥t ✐♥ ❬✺❪✳ ❲❡ str❡ss ❤♦✇❡✈❡r t❤❛t t❤❡ ❝r✉❝✐❛❧ ❞✐✛❡r❡♥❝❡ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✐s
t❤❛t ✇❡ ♦❜t❛✐♥❡❞ t❤❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣ ✐♥ ❝♦♠♣❧❡t❡ ❣❡♥❡r❛❧✐t② ❢♦r ❛r❜✐tr❛r② ♣♦❧❛r✐③❛t✐♦♥
✈❡❝t♦rs ✇✐t❤✐♥ ❛ ❢✉❧❧ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ❛♥❞ ♥♦t ❥✉st ❢r♦♠ t❤❡ t✇♦✲s♦❧✐t♦♥ s♦❧✉t✐♦♥✳ ❚❤✐s
✐s s✐♠✐❧❛r ✐♥ s♣✐r✐t t♦ t❤❡ ❛♣♣r♦❛❝❤ ❜② ❚s✉❝❤✐❞❛ ✐♥ ❬✹❪ ❜✉t ❛❣❛✐♥ ✇✐t❤ t❤❡ ✐♠♣♦rt❛♥❝❡
❞✐✛❡r❡♥❝❡ t❤❛t ❤❡r❡✱ t❤✐s ✇❛s ♠❛❞❡ ♣♦ss✐❜❧❡ ❜② ♦✉r ❛ ♣r✐♦r✐ ❞❡r✐✈❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✼
❛❜♦✉t ❞r❡ss✐♥❣ ❢❛❝t♦rs✱ ✐♥st❡❛❞ ♦❢ ❛♥ ❛ ♣♦st❡r✐♦r✐ ❞❡r✐✈❛t✐♦♥ ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t N ✲s♦❧✐t♦♥
s♦❧✉t✐♦♥✳ ❲❡ t❤❡♥ r❡❝♦✈❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦r✐❣✐♥❛❧❧② ❢♦r♠✉❧❛t❡❞ ✐♥ ❬✹❪
❚❤❡♦r❡♠ ✷✳✶✻ ❆♥ N✲s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥ ✐♥ t❤❡ ▼❛♥❛❦♦✈ ♠♦❞❡❧ ❝❛♥ ❜❡ ❢❛❝t♦r✐③❡❞ ✐♥t♦ ❛
♥♦♥❧✐♥❡❛r s✉♣❡r♣♦s✐t✐♦♥ ♦❢
(
N
2
)
♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥s ✐♥ ❛r❜✐t❛r② ♦r❞❡r✳
✸ ❋❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥t❡❣r❛❜❧❡ ❜♦✉♥❞❛r②
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ ❬✷❪ ❛♥❞ ❝♦♠❜✐♥❡ t❤❡♠ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s
❝♦♥str✉❝t✐♦♥ t♦ ❞✐s❝✉ss ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ♦❢ ❱◆▲❙ ♦♥ t❤❡ ❤❛❧❢✲❧✐♥❡✳
❚❤❡ ✐❞❡❛ ✐s t❤❛t s✉❝❤ ❛ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ r❡str✐❝t✐♦♥ t♦ x > 0 ♦❢ ❛ 2N ✲
s♦❧✐t♦♥ s♦❧✉t✐♦♥ ♦❢ ❱◆▲❙ ♦♥ t❤❡ ❢✉❧❧ ❧✐♥❡ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts ❛♥❞ t❤❡
♣♦❧❡s kj ♦❜❡② s✉✐t❛❜❧❡ ♠✐rr♦r s②♠♠❡tr② ❝♦♥❞✐t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✭✶✳✸✮ ♦r ✭✶✳✹✮✱ ✭✶✳✺✮✳
❚♦ ✜① ✐❞❡❛s✱ ❝♦♥s✐❞❡r kj =
1
2
(uj + ivj)✱ vj > 0✱ j = 1, . . . , 2N ❛♥❞ ❛ss✉♠❡ t❤❛t
uj > 0 , ❢♦r j = 1, . . . , N ❛♥❞ u1 < u2 < · · · < uN . ✭✸✳✶✮
✻❚❤✐s ✐s ✐♥tr♦❞✉❝❡❞ ♣r♦♣❡r❧② ✐♥ s❡❝t✐♦♥ ✹✳
✶✺
❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ s♦❧✐t♦♥s 1 t♦ N ❛r❡ t❤❡ ✧r❡❛❧✧ s♦❧✐t♦♥s ✭♦♥ x > 0✮
❛♥❞ t❤❡ s♦❧✐t♦♥s N + 1 t♦ 2N ❛r❡ t❤❡ ✧♠✐rr♦r✧ s♦❧✐t♦♥s ✭♦♥ x < 0✮ ❛s t → −∞✳ ❚❤❡
✧r❡❛❧✧ s♦❧✐t♦♥s ❤❛✈❡ ♥❡❣❛t✐✈❡ ✈❡❧♦❝✐t✐❡s s♦ t❤❡② ❡✈♦❧✈❡ t♦✇❛r❞s t❤❡ ❜♦✉♥❞❛r② ✇❤❡r❡ t❤❡②
♠❡❡t t❤❡✐r ✧♠✐rr♦r✧ s♦❧✐t♦♥s ✇❤✐❝❤ t❤❡♥ ❜❡❝♦♠❡ t❤❡ r❡❛❧ s♦❧✐t♦♥s✳ ❚❤❡ ♥❡t r❡s✉❧t ✇❤❡♥
r❡str✐❝t❡❞ t♦ x > 0 ✐s t❤❛t N s♦❧✐t♦♥s ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ❜♦✉♥❝❡ ❜❛❝❦✳ ❚❤✐s
❧♦♦❦s ❧✐❦❡
2N , 2N − 1 , . . . , N + 1
∣∣∣ 1 , 2 , . . . N , t→ −∞ ,
N , N − 1 , . . . , 1
∣∣∣N + 1 , N + 2 , . . . 2N , t→∞ ,
✇❤❡r❡ t❤❡ ✈❡rt✐❝❛❧ ❜❛r r❡♣r❡s❡♥ts t❤❡ ❜♦✉♥❞❛r②✳ ❲❡ ❝❛♥ ♥♦✇ st❛t❡ t❤❡ r❡s✉❧ts ❢r♦♠ ❬✷❪
✐♥ ❛ ❢♦r♠ ❝♦♥✈❡♥✐❡♥t ❢♦r ♦✉r ♣✉r♣♦s❡s ❤❡r❡✳
Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❚❤❡ N✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ♦❢ ❱◆▲❙ ♦♥ t❤❡ ❤❛❧❢✲❧✐♥❡ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥✲
❞✐t✐♦♥s ✭✶✳✸✮ ♦r ✭✶✳✹✮✱ ✭✶✳✺✮ ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❞r❡ss✐♥❣ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝✳ ✷✳✸
❜❛s❡❞ ♦♥ kj ❛♥❞ βj✱ j = 1, . . . , 2N ✇✐t❤ kj ❣✐✈❡♥ ❜② ✭✸✳✶✮ ❢♦r j = 1, . . . , N ❛♥❞ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts
kj+N = −k
∗
j , βjβ
†
j+N = M(k
∗
j )Aj+N , ❢♦r j = 1, . . . , N , ✭✸✳✷✮
✇❤❡r❡
M(k) =
k − iα
k + iα
In , α ∈ R , ✭✸✳✸✮
♦r
M(k) =


σ1
✳ ✳ ✳
σn

 , σj = 1 , j ∈ S ,
σl = −1 , l ∈ {1 . . . n}\S ,
✭✸✳✹✮
❛♥❞ Aj+N ✐s ❞❡✜♥❡❞ ✐♥ ✭✷✳✺✹✮✳
❚❤❡ ❝r✉① ♦❢ t❤❡ ♠❛tt❡r ✐s t♦ s♦❧✈❡ ❢♦r βj+N ❣✐✈❡♥ βj ✉s✐♥❣ ✭✸✳✷✮✳ ■♥❞❡❡❞✱ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ Aj+N ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥
Aj+N =
2N∏
i=1,i 6=j+N
(
kj+N − ki
kj+N − k∗i
)(
d†2N,{1...2N−1} . . . d
†
j+N+1,{1...j+N}πj+N,{1...j+N−1}
d†j+N−1,{1...j+N−2} . . . d
†
1
)
(kj+N) , ✭✸✳✺✮
✇❤❡r❡ dij ,{i1...ij−1}(k) ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡❢✳ ✷✳✾✳ ❍❡♥❝❡✱ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ✭✸✳✷✮ ❛r❡
❝♦✉♣❧❡❞ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s ❢♦r t❤❡ βj✬s✳ ■♥ ❆♣♣❡♥❞✐① ❆✱ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❛❧❣♦r✐t❤♠
t♦ s♦❧✈❡ t❤❡♠✳ ❲✐t❤ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛❧❧ t❤❡ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts✱ ✇❡ ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡
✧✐♥t❡r♠❡❞✐❛t❡✲t✐♠❡✧ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ✇❤✐❝❤ ❛r❡ t❤❡ ❜❛s✐s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❢❛❝t♦r✐③❛t✐♦♥
♦♥ t❤❡ ❤❛❧❢✲❧✐♥❡✳ ❚❤❡② ❡♥❥♦② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳
✶✻
Pr♦♣♦s✐t✐♦♥ ✸✳✷ ❈♦♥s✐❞❡r 2N ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✳✻✹✱ ✷✳✻✺✮✳ ▲❡t
{i1 . . . iN} ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ {1 . . . N} ❛♥❞ {kij , kij+N ; βij , βij+N}j∈{1...N} ❜❡ t❤❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ ✧r❡❛❧✧ ❛♥❞ ✧♠✐rr♦r✧ ♣♦❧❡s ❛♥❞ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts s❛t✐s❢②✐♥❣
kij+N = −k
∗
ij
, βijβ
†
ij+N
= M(k∗ij)Aij+N . ✭✸✳✻✮
❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❤♦❧❞
pij+N,{i1...iN i1+N...ij−1+N} = m(kij)pij ,{ij+1...iN} , ✭✸✳✼✮
✇✐t❤ t❤❡ n× n ♠❛tr✐① ❢✉♥❝t✐♦♥ m(k) ❞❡✜♥❡❞ ❜②
m(k) =
h(k)
|h(k)|
In , h(k) =
(
k − iα
k + iα
)
, ✭✸✳✽✮
♦r
m(k) =


σ1
✳ ✳ ✳
σn

 , σp = 1 , p ∈ S ,
σq = −1 , q ∈ {1 . . . n}\S .
✭✸✳✾✮
■♥ ♣❛rt✐❝✉❧❛r✱
pj+N,{1...N} = m(kj)pj,{1...jˆ...N} . ✭✸✳✶✵✮
❚❤❡ ♣r♦♦❢ ✐s ❧♦♥❣ ❛♥❞ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ▲❡t ✉s ❧♦♦❦ ❛t t❤❡s❡ r❡❧❛t✐♦♥s ❢r♦♠ t❤❡
s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥ ✈✐❡✇♣♦✐♥t✳ ❆s t→ −∞✱ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ❛r❡ ♦r❞❡r❡❞ ❛s ❢♦❧❧♦✇s
❛❧♦♥❣ t❤❡ x✲❛①✐s
p2N,{1...2N−1} , p2N−1,{1...2N−2} , . . . ,pN+1,{1...N}
∣∣∣p1,{2...N} , p2,{3...N} , . . . pN , t→ −∞ .
❇② ❛♣♣❧②✐♥❣ ✭✸✳✼✮✱ t❤✐s ❜❡❝♦♠❡s
m(kN)pN , . . . ,m(k2)p2,{3...N} ,m(k1)p1,{2...N}
∣∣∣p1,{2...N} , p2,{3...N} , . . . pN , t→ −∞ .
■♥ ❢❛❝t✱ ✭✸✳✼✮ s❤♦✇s t❤❛t t❤✐s ♣✐❝t✉r❡ ❡①t❡♥❞s t♦ ❛❧❧ ✧✐♥t❡r♠❡❞✐❛t❡✲t✐♠❡✧ ♣♦❧❛r✐③❛t✐♦♥
✈❡❝t♦rs✳ ❚❤❡r❡❢♦r❡✱ ❛♥② ♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥ ❜❡t✇❡❡♥ s♦❧✐t♦♥ il ❛♥❞ ij✱ ❞❡s❝r✐❜❡❞ ❜② t❤❡
❨❛♥❣✲❇❛①t❡r ♠❛♣ Rilij(kil , kij)✱ ✐s ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ✧s✐♠✉❧t❛♥❡♦✉s✧ ♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥
❜❡t✇❡❡♥ s♦❧✐t♦♥s ij+N ❛♥❞ il+N ❞❡s❝r✐❜❡❞ ❜② Rij+N il+N(kij+N , kil+N)✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ s✐t✉❛t✐♦♥ ❡✈♦❧✈✐♥❣ ❢r♦♠ t → −∞✳ ❆❢t❡r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢
♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥s✱ s♦❧✐t♦♥ j ✐s ♥❡①t t♦ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥ t❤❛t t❛❦❡s
♣❧❛❝❡ ✐s ❣✐✈❡♥ ❜② Rj+N j(kj+N , kj)✳ ❚❤❡ ♠❛♣ Rj+N j(kj+N , kj) ✐s ♥❛t✉r❛❧❧② ✐♥t❡r♣r❡t❡❞
❛s t❤❡ r❡✢❡❝t✐♦♥ ♠❛♣ ♦❢ s♦❧✐t♦♥ j ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❆❢t❡r t❤❡ r❡✢❡❝t✐♦♥✱ s♦❧✐t♦♥ j + N ✱
♥♦✇ ♣❧❛②✐♥❣ t❤❡ r♦❧❡ ♦❢ t❤❡ r❡✢❡❝t❡❞ s♦❧✐t♦♥ j✱ ✉♥❞❡r❣♦❡s ❣❡♥❡r❛❧ ♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥s ♦❢
t❤❡ ❢♦r♠ Rj+N l(kj+N , kl) ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ✧r❡❛❧✧ s♦❧✐t♦♥s ❛♥❞ Rq+N j+N(kq+N , kj+N)
✇✐t❤ t❤❡ ✧♠✐rr♦r✧ s♦❧✐t♦♥s t❤❛t tr❛✈❡❧ ❢❛st❡r t❤❛♥ ✐t✳
❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✢❡❝t✐♦♥ ♠❛♣ ❢r♦♠ CPn−1 × (C \ iR) t♦ ✐ts❡❧❢ t❤❛t
❞❡s❝r✐❜❡s t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦r ♦❢ ♦♥❡ s♦❧✐t♦♥ ✇❤❡♥ ✐t ✐♥t❡r❛❝ts ✇✐t❤ t❤❡
❜♦✉♥❞❛r②
B : (p, k) 7→ (p˘,−k∗) , ✭✸✳✶✶✮
✶✼
✇❤❡r❡
p˘ =
(
In +
k − k∗
k + k∗
pp
†
p†p
)
m(k)p . ✭✸✳✶✷✮
P✐❝t♦r✐❛❧❧②✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦
pj,{1...jˆ...N}
Rj+N j(kj+N , kj)
pj+N,{1...jˆ...N}
pj+N,{1...N}
pj,{j+N1...jˆ...N}
→
pj
Bj(kj)
p˘j
❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ✭❣❡♥❡r❛❧✐③❡❞✮ ♣❛r❛♠❡tr✐❝ ♥♦t❛t✐♦♥✼ ❢♦r t❤❡ r❡✢❡❝t✐♦♥
♠❛♣✿ B(k) ❛❝t✐♥❣ ♦♥❧② ♦♥ ✈❡❝t♦r p✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ✐ts ❛❝t✐♦♥ ♦♥ ❛ ♠✉❧t✐♣❧❡t ♦❢ ✈❡❝t♦rs
Bj(kj) : (p1, . . . ,pj, . . . ,pN) 7→ (p1, . . . , p˘j, . . . ,pN) . ✭✸✳✶✸✮
❲❡ ❝❛♥ ♥♦✇ st❛t❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s ♣❛♣❡r ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❡ ❢❛❝t♦r✐③❛t✐♦♥
♣r♦♣❡rt② ♦❢ t❤❡ s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❛ ❜♦✉♥❞❛r②✳
❚❤❡♦r❡♠ ✸✳✸ ❈♦♥s✐❞❡r t❤❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣ Rlj(kl, kj) ❞❡✜♥❡❞ ✐♥ ✭✷✳✼✺ ✲ ✷✳✼✼✮ ❛♥❞
Bj(kj) ✐♥ ✭✸✳✶✶ ✲ ✸✳✶✸✮✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t t❤❡♦r❡t✐❝❛❧ ✭♣❛r❛♠❡tr✐❝✮ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥
❤♦❧❞s ❛s ❛♥ ✐❞❡♥t✐t② ♦❢ ♠❛♣s ♦♥ CPn−1 × CPn−1
B1(k1)R21(−k
∗
2, k1)B2(k2)R12(k1, k2) =
R21(−k
∗
2,−k
∗
1)B2(k2)R12(−k
∗
1, k2)B1(k1) . ✭✸✳✶✹✮
▼♦r❡♦✈❡r✱ t❤❡ ♣❛r❛♠❡tr✐❝ r❡✢❡❝t✐♦♥ ♠❛♣ B(k) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✈♦❧✉t✐✈❡ ♣r♦♣❡rt②
B(−k∗)B(k) = Id . ✭✸✳✶✺✮
Pr♦♦❢✿ ❚❤❡ ✐♥✈♦❧✉t✐✈❡ ♣r♦♣❡rt② ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ r❡✢❡❝t✐♦♥ ♠❛♣✳ ❋♦r t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥✱ ✇❡ ✉s❡ t❤❡ s❡t t❤❡♦r❡t✐❝❛❧
❨❛♥❣✲❇❛①t❡r ❡q✉❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ♦✉r ♠✐rr♦r ✐♠❛❣❡ ♣✐❝t✉r❡✳ ❚❛❦❡ kj ❛♥❞ kj+2 = −k
∗
j ✱
j = 1, 2✳ ❙✐♥❝❡ ♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥ ♦❝❝✉rs s✐♠✉❧t❛♥❡♦✉s❧② ♦♥ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ❜♦✉♥❞❛r②✱
t❤❡r❡ ❛r❡ ♦♥❧② 2 ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ❝♦❧❧✐s✐♦♥s ❛♥❞ t❤❡② ❛r❡ ✐❞❡♥t✐❝❛❧ ✉s✐♥❣ t❤❡
❨❛♥❣✲❇❛①t❡r ❡q✉❛t✐♦♥
R31(k1, k3)R32(k3, k2)R41(k4, k1)R42(k4, k2)R43(k4, k3)R12(k1, k2) =
R43(k4, k3)R12(k1, k2)R42(k4, k2)R32(k4, k2)R41(k4, k1)R31(k3, k1) . ✭✸✳✶✻✮
✼❚❤✐s ✐s ❞❡✜♥❡❞ ♣r♦♣❡r❧② ✐♥ s❡❝t✐♦♥ ✹✳
✶✽
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣❛✐r✇✐s❡ ❝♦❧❧✐s✐♦♥s
R31(k3, k1)R32(k3, k2)R41(k4, k1)R42(k4, k2)R43(k4, k3)R12(k1, k2)(p
(i)
1 ,p
(i)
2 ,p
(i)
3 ,p
(i)
4 )
=R31(k3, k1)R32(k3, k2)R41(k4, k1)R42(k4, k2)(p
(ii)
1 ,p
(ii)
2 ,p
(ii)
3 ,p
(ii)
4 )
=R31(k3, k1)R32(k3, k2)R41(k4, k1)(p
(iii)
1 ,p
(iii)
2 ,p
(iii)
3 ,p
(iii)
4 )
=R31(k3, k1)(p
(iv)
1 ,p
(iv)
2 ,p
(iv)
3 ,p
(iv)
4 )
=(p
(v)
1 ,p
(v)
2 ,p
(v)
3 ,p
(v)
4 ) , ✭✸✳✶✼✮
✇✐t❤ (p
(i)
1 ,p
(i)
2 ,p
(i)
3 ,p
(i)
4 ) ❜❡✐♥❣ t❤❡ ✐♥✐t✐❛❧ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ❛♥❞ (p
(v)
1 ,p
(v)
2 ,p
(v)
3 ,p
(v)
4 )
t❤❡ ✜♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs✳ ❙✐♠✐❧❛r❧②✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ s♦❧✐t♦♥✲s♦❧✐t♦♥
❛♥❞ s♦❧✐t♦♥✲❜♦✉♥❞❛r② ❝♦❧❧✐s✐♦♥s
B1(k1)R21(−k
∗
2, k1)B2(k2)R12(k1, k2)(q
(i)
1 ,q
(i)
2 )
=B1(k1)R21(−k
∗
2, k1)B2(k2)(q
(ii)
1 ,q
(ii)
2 )
=B1(k1)R21(−k
∗
2, k1)(q
(iii)
1 ,q
(iii)
2 )
=B1(k1)(q
(iv)
1 ,q
(iv)
2 )
=(q
(v)
1 ,q
(v)
2 ) . ✭✸✳✶✽✮
❲❡ ❝❧❛✐♠ ♥♦✇ t❤❛t ✐❢ (q
(i)
1 ,q
(i)
2 ) = (p
(i)
1 ,p
(i)
2 )✱ t❤❡♥ (q
(v)
1 ,q
(v)
2 ) = (p
(v)
3 ,p
(v)
4 )✳ ❋r♦♠ ✭✸✳✶✼✮
❛♥❞ ✭✸✳✶✽✮✱ ✇❡ ❤❛✈❡
p
(ii)
1 =
(
In +
(
k∗2 − k2
k∗1 − k
∗
2
)
p
(i)
2 (p
(i)
2 )
†
(p
(i)
2 )
†p
(i)
2
)
p
(i)
1 , ✭✸✳✶✾✮
q
(ii)
1 =
(
In +
(
k∗2 − k2
k∗1 − k
∗
2
)
q
(i)
2 (q
(i)
2 )
†
(q
(i)
2 )
†q
(i)
2
)
q
(i)
1 , ✭✸✳✷✵✮
p
(iv)
1 =
(
In +
(
k4 − k
∗
4
k1 − k4
)
p
(iii)
4 (p
(iii)
4 )
†
(p
(iii)
4 )
†p
(iii)
4
)
p
(iii)
1 , ✭✸✳✷✶✮
q
(iv)
1 =
(
In +
(
k2 − k
∗
2
k1 + k∗2
)
q
(iii)
2 (q
(iii)
2 )
†
(q
(iii)
2 )
†q
(iii)
2
)
q
(iii)
1 , ✭✸✳✷✷✮
p
(v)
3 =
(
In +
(
k∗1 − k1
k∗3 − k
∗
1
)
p
(iv)
1 (p
(iv)
1 )
†
(p
(iv)
1 )
†p
(iv)
1
)
p
(iv)
3 , ✭✸✳✷✸✮
q
(v)
1 =
(
In +
(
k1 − k
∗
1
k1 + k∗1
)
q
(iv)
1 (q
(iv)
1 )
†
(q
(iv)
1 )
†q
(iv)
1
)
m(k1)q
(iv)
1 . ✭✸✳✷✹✮
❋✐rst✱ ❢r♦♠ ✭✸✳✶✾✱ ✸✳✷✵✮ ✇❡ ❤❛✈❡ p
(ii)
1 = q
(ii)
1 ✱ s✐♥❝❡ p
(i)
j = q
(i)
j ✱ j = 1, 2✳ ❚❤❡♥✱ ✇❡
❤❛✈❡ p
(iii)
1 = p
(ii)
1 ❛♥❞ q
(iii)
1 = q
(ii)
1 ✳ ◆❡①t✱ r❡❝❛❧❧ t❤❛t k4 = −k
∗
2 ❛♥❞ p
(ii)
4 = m(k2)p
(ii)
2
s♦ p
(iii)
4 = q
(iii)
2 ✳ ✭✸✳✷✶✱ ✸✳✷✷✮ ❣✐✈❡ p
(iv)
1 = q
(iv)
1 ✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ k3 = −k
∗
1 ❛♥❞ p
(iv)
3 =
✶✾
m(k1)p
(iv)
1 ✱ r❡❧❛t✐♦♥s ✭✸✳✷✸✱ ✸✳✷✹✮ ✐♠♣❧② p
(v)
3 = q
(v)
1 ✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ p
(v)
4 = q
(v)
2 ❛s
✇❡❧❧✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❤♦❧❞s ❢♦r
R12(k1, k2)R43(k4, k3)R42(k4, k2)R32(k3, k2)R41(k4, k1)R13(k1, k3)(p
(i)
1 ,p
(i)
2 ,p
(i)
3 ,p
(i)
4 ) ,
✭✸✳✷✺✮
❛♥❞
R21(−k
∗
2,−k
∗
1)B2(k2)R12(−k
∗
1, k2)B1(k1)(q
(i)
1 ,q
(i)
2 ) . ✭✸✳✷✻✮
❙✐♥❝❡ ✭✸✳✶✼✮ ✐s ❡q✉❛❧ t♦ ✭✸✳✷✺✮ ❜② ✭✸✳✶✻✮✱ t❤❡♥ ✭✸✳✶✽✮ ✐s ❡q✉❛❧ t♦ ✭✸✳✷✻✮✳ ✭✸✳✶✺✮ ❝❛♥ ❜❡
s❤♦✇❡❞ ❜② t❤❡ s❛♠❡ ✇❛② ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✉♥✐t❛r② ♣r♦♣❡rt② ♦❢ R12(k1, k2) ❞❡✜♥❡❞ ✐♥
✭✹✳✻✮ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳
❚❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ ❛♠♦✉♥ts t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠
4
4
3
3
1
1
2
2
→← =
1
1
2
2
4
4
3
3
1
1
2
2
1
1
2
2
◆♦t❡ t❤❛t t❤❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣ ✭✷✳✼✺✮ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❞✐❛❣♦♥❛❧ ❛❝t✐♦♥ ♦❢ U(n)✱
t❤❡ s❡t ♦❢ n× n ✉♥✐t❛r② ♠❛tr✐❝❡s✱ ♦♥ CPn−1 × CPn−1 ❛♥❞ ❝♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ ❞❡✜♥❡❞ ♦♥
CPn−1×CPn−1/U(n)✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ ❣❡♥❡r❛❧ ❢♦r t❤❡ r❡✢❡❝t✐♦♥ ♠❛♣ ✸✳✶✶
❡①❝❡♣t ✇❤❡♥ m ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ In✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ r❡✢❡❝t✐♦♥ ♠❛♣ ✐s ♣r♦♣♦rt✐♦♥❛❧
t♦ Id ✇❤❡♥ ❛❝t✐♥❣ ♦♥ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✈❡❝t♦rs ❛♥❞ t❤✉s r❡❞✉❝❡s t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣
✐♥ CPn−1✳ ❖t❤❡r✇✐s❡✱ ✐♥ t❤❡ ❝❛s❡ ✸✳✾ ✇✐t❤ S ❜❡✐♥❣ ❛ ♣r♦♣❡r s✉❜s❡t ♦❢ {1, . . . , N}✱ t❤❡
❛❝t✐♦♥ ♦❢ U(n) r❡s✉❧ts ✐♥ ❛ ❞✐✛❡r❡♥t r❡✢❡❝t✐♦♥ ♠❛♣✳ ❚❤✐s ✐s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ tr❛♥s❧❛t✐♦♥
♦❢ t❤❡ ♣❤②s✐❝❛❧ ❡✛❡❝ts s❡❡♥ ✐♥ ❬✷❪ ♦♥ t❤❡ ♣♦❧❛r✐③❛t✐♦♥s ✇❤❡♥ t❤❡ s♦✲❝❛❧❧❡❞ ❜♦✉♥❞❛r② ❜❛s✐s
❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ❜❛s✐s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ t✇♦ ❝❧❛ss❡s ♦❢
r❡✢❡❝t✐♦♥ ♠❛♣s ♦♥ CPn−1✿ t❤❡ ✐❞❡♥t✐t② ♠❛♣ ❛♥❞ ❛ ❢❛♠✐❧② ♣❛r❛♠❡tr✐③❡❞ ❜② U(n)
BU(k) : p 7→
(
In +
k − k∗
k + k∗
pp
†
p†p
)
U †mU p , ✭✸✳✷✼✮
✇❤❡r❡
m = diag(1, . . . , 1,−1 . . . ,−1) . ✭✸✳✷✽✮
✷✵
✹ ❘❡✢❡❝t✐♦♥ ♠❛♣s
▲❡t ✉s ♥♦✇ ♣r❡s❡♥t s♦♠❡ ❜❛s✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ t❤❡♦r② ♦❢ r❡✢❡❝t✐♦♥ ♠❛♣s✳ ❋✐rst ✇❡ r❡❝❛❧❧
s♦♠❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❨❛♥❣✲❇❛①t❡r ♠❛♣s✳ ▲❡t X ❜❡ ❛ s❡t ❛♥❞ R : X ×X → X ×X ❛ ♠❛♣
❢r♦♠ t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ X ♦♥t♦ ✐ts❡❧❢✳ ❉❡✜♥❡ Rij : X
N → XN ✱ XN = X×· · ·×X✱
❛s t❤❡ ♠❛♣ ❛❝t✐♥❣ ❛s R ♦♥ t❤❡ it❤ ❛♥❞ jt❤ ❢❛❝t♦rs ♦❢ t❤❡ N ✲❢♦❧❞ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t XN
❛♥❞ ✐❞❡♥t✐❝❛❧❧② ♦♥ t❤❡ ♦t❤❡rs✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ R(x, y) = (f(x, y), g(x, y))✱ x, y ∈ X✱
t❤❡♥
i < j , Rij(x1, . . . , xn) = (x1, . . . , xi−1, f(xi, xj), . . . , g(xi, xj), xj+1, . . . , xn) , ✭✹✳✶✮
i > j , Rij(x1, . . . , xn) = (x1, . . . , xi−1, g(xi, xj), . . . , f(xi, xj), xj+1, . . . , xn) . ✭✹✳✷✮
■❢ Rij s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❨❛♥❣✲❇❛①t❡r r❡❧❛t✐♦♥
R12R13R23 = R23R13R12 , ✭✹✳✸✮
t❤❡♥ Rij ✐s ❝❛❧❧❡❞ ❛ ❨❛♥❣✲❇❛①t❡r ♠❛♣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r N = 2✱ R12 ≡ R✳ ▲❡t P ❜❡ t❤❡
♣❡r♠✉t❛t✐♦♥ ♠❛♣ ❞❡✜♥❡❞ ❜② P (x, y) = (y, x) ❛♥❞ ❞❡✜♥❡❞ R21 = PR12P ✳ ■❢✱ R s❛t✐s✜❡s
R21R12 = Id , ✭✹✳✹✮
t❤❡♥ R ✐s ❝❛❧❧❡❞ ❛ r❡✈❡rs✐❜❧❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣✳
■t ✐s ✉s❡❢✉❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡ s♦✲❝❛❧❧❡❞ ♣❛r❛♠❡tr✐❝ ❨❛♥❣✲❇❛①t❡r ♠❛♣ R12(k1, k2) ✇❤✐❝❤
✐s ❛♥ ✐♠♣♦rt❛♥t s♣❡❝✐❛❧ ❝❛s❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ X × Y ✐♥st❡❛❞ ♦❢ X ❛❜♦✈❡✱ ✇❤❡r❡
Y ✐s t❤❡ s❡t ✇❤❡r❡ k1 ❛♥❞ k2 ❧✐✈❡✳ ■t s❛t✐s✜❡s t❤❡ ♣❛r❛♠❡tr✐❝ ❨❇❊
R12(k1, k2)R13(k1, k3)R23(k2, k3) = R23(k2, k3)R13(k1, k3)R12(k1, k2) , ✭✹✳✺✮
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡✈❡rs✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ r❡❛❞s
R21(k2, k1)R(k1, k2) = Id . ✭✹✳✻✮
❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ✈❡❝t♦r s♦❧✐t♦♥ ❝♦❧❧✐s✐♦♥s ✐♥ ❱◆▲❙ ♣r♦✈✐❞❡ ❛ s♦❧✉t✐♦♥ ♦❢ s✉❝❤ ❛ ♠❛♣✳
❇❡❢♦r❡ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ♦❢ r❡✢❡❝t✐♦♥ ♠❛♣✱ ✇❡ ♥♦t❡ t❤❛t ✭✸✳✶✶✮ r❡q✉✐r❡s ❛♥
❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✉s✉❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ♣❛r❛♠❡tr✐❝ ♠❛♣s✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❛❝❝❡♣t❛♥❝❡ ❥✉st
❣✐✈❡♥✱ t❤❡ ♥♦t❛t✐♦♥ R12(k1, k2) ✐s ❛ s❤♦rt✲❤❛♥❞ ❢♦r
R12 : (x1, k1; x2, k2) 7→ (f(x1, k1; x2, k2), k1; g(x1, k1; x2, k2), k2) , ✭✹✳✼✮
♠❡❛♥✐♥❣ t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ R ♦♥ t❤❡ s❡t Y ✐s tr✐✈✐❛❧✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r ✇❤❛t ✇❡
❞❡✜♥❡❞ ❛s ❛ ♣❛r❛♠❡tr✐❝ r❡✢❡❝t✐♦♥ ♠❛♣ ✐♥ ✭✸✳✶✶✮ ✇❤❡r❡ ✇❡ ❤❛❞ s♦♠❡t❤✐♥❣ ♦❢ t❤❡ ❢♦r♠✿
B : (x, k) 7→ (h(x, k), σ(k)) , ✭✹✳✽✮
✇❤❡r❡ σ(k) = −k∗ ✇❛s ❛♥ ✐♥✈♦❧✉t✐♦♥✳ ❉❡✜♥✐♥❣ S(x, k) = (x, σ(k)) ❢r♦♠ X × Y t♦
X×Y ✱ ✇❡ ❝❛♥ r❡❝♦♥❝✐❧❡ t❤❡ ✉s✉❛❧ ♥♦t✐♦♥ ♦❢ ♣❛r❛♠❡tr✐❝ ♠❛♣ ✇✐t❤ ♦✉r ❝♦♥t❡①t ❜② s❡tt✐♥❣
B = SB ✇❤❡r❡ B ✐s t❤❡ ♣❛r❛♠❡tr✐❝ ♠❛♣ B(x, k) = (h(x, k), k)✳ ❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥✱ t❤❡
♣❛r❛♠❡tr✐❝ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✭✸✳✶✹✮ s❤♦✉❧❞ r❡❛❞ ✐♥ ❢❛❝t
S1B1R21S2B2R12 = R21S2B2R12S1B1 , ✭✹✳✾✮
✷✶
❛s ❛♥ ✐❞❡♥t✐t② ♦♥ (X×Y )× (X×Y )✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣ ❞✐s❝✉ss❡❞
✐♥ t❤✐s ♣❛♣❡r ❤❛s t❤❡ ♣r♦♣❡rt②
S1S2R12S1S2 = R21 . ✭✹✳✶✵✮
❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥✳
❉❡✜♥✐t✐♦♥ ✹✳✶ ●✐✈❡♥ ❢♦✉r ❨❛♥❣✲❇❛①t❡r ♠❛♣s R(j)✱ j = 1, 2, 3, 4✱ ❛ r❡✢❡❝t✐♦♥ ♠❛♣ B ✐s
❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥
B1R
(2)
12 B2R
(1)
12 = R
(4)
12 B2R
(3)
12 B1 , ✭✹✳✶✶✮
❛s ❛♥ ✐❞❡♥t✐t② ♦♥ X ×X✳ ❚❤❡ r❡✢❡❝t✐♦♥ ♠❛♣ ✐s ❝❛❧❧❡❞ ✐♥✈♦❧✉t✐✈❡ ✐❢
BB = Id . ✭✹✳✶✷✮
❘❡♠❛r❦ ✹✳✷ ■❢ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ✐♥✈♦❧✉t✐✈❡ r❡✢❡❝t✐♦♥ ♠❛♣s ❛♥❞ r❡✈❡rs✐❜❧❡
❨❛♥❣✲❇❛①t❡r ♠❛♣s✱ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ✐s ❡♥s✉r❡❞ ❜② r❡q✉✐r✐♥❣ t❤❛t
t❤❡ ❢♦✉r ❨❛♥❣✲❇❛①t❡r ♠❛♣s R
(j)
12 ❛r❡ r❡❧❛t❡❞ ❜② R
(4)
21 = R
(2)
21 = R
(3)
12 = R
(1)
12 ✳ ❚❤✐s ✐s
❛ss✉♠❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✳
❆❧❧♦✇✐♥❣ ❢♦r t❤❡ ❛❜♦✈❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ♣❛r❛♠❡tr✐❝ ♠❛♣s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛s
❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ t❤❡ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢ ♣❛r❛♠❡tr✐❝ r❡✢❡❝t✐♦♥ ♠❛♣s✳
❉❡✜♥✐t✐♦♥ ✹✳✸ ●✐✈❡♥ t❤❡ ♣❛r❛♠❡tr✐❝ ❨❛♥❣✲❇❛①t❡r ♠❛♣ R12(k1, k2)✱ k1, k2 ∈ Y ❛♥❞ ❛♥
✐♥✈♦❧✉t✐♦♥ σ : Y → Y ✱ ❛ ♣❛r❛♠❡tr✐❝ r❡✢❡❝t✐♦♥ ♠❛♣ B(k) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡tr✐❝
s❡t✲t❤❡♦r❡t✐❝❛❧ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥
B1(k1)R21(k1, σ(k2))B2(k2)R12(k1, k2) = R21(σ(k1), σ(k2))B2(k2)R12(σ(k1), k2)B1(k1)
✭✹✳✶✸✮
❛s ❛♥ ✐❞❡♥t✐t② ♦♥ X ×X✳ ❚❤❡ r❡✢❡❝t✐♦♥ ♠❛♣ ✐s ❝❛❧❧❡❞ ✐♥✈♦❧✉t✐✈❡ ✐❢
B(σ(k))B(k) = Id . ✭✹✳✶✹✮
◆♦t❡ t❤❛t ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❡①♣❧✐❝✐t❡❧② ❢♦✉♥❞ ❝❧❛ss❡s ♦❢ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝❛s❡ X = CPn−1✱
Y = C∗ ❛♥❞ σ(k) = −k∗ ✇✐t❤ R12(k1, k2) ❜❡✐♥❣ t❤❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
❱◆▲❙✳
❲❡ ❝♦♥❝❧✉❞❡ ❜② ❞❡✜♥✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ tr❛♥s❢❡r ♠❛♣s ✐♥ ❛♥❛❧♦❣② ✇✐t❤ t❤♦s❡ ✐♥tr♦❞✉❝❡❞
✐♥ ❬✷✶❪✳ ❋✐① N ≥ 2 ❛♥❞ ❞❡✜♥❡ ❢♦r j = 1, . . . , N t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣s ♦❢ XN ✐♥t♦ ✐ts❡❧❢✱
Tj = Rj+1j . . .RNjB
−
j RjN . . .Rjj+1Rjj−1 . . .Rj1B
+
j R1j . . .Rj−1j , ✭✹✳✶✺✮
✇❤❡r❡ B+ ✐s ❛ s♦❧✉t✐♦♥ ♦❢
B1R21B2R12 = R21B2R12B1 , ✭✹✳✶✻✮
❛♥❞ B− ❛ s♦❧✉t✐♦♥ ♦❢
B1R12B2R21 = R12B2R21B1 . ✭✹✳✶✼✮
❚❤❡♥ ♦♥❡ ♣r♦✈❡s ❜② ❞✐r❡❝t ✭❜✉t ❧♦♥❣✮ ❝❛❧❝✉❧❛t✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t
✷✷
Pr♦♣♦s✐t✐♦♥ ✹✳✹ ❋♦r ❛♥② r❡✈❡rs✐❜❧❡ ❨❛♥❣✲❇❛①t❡r ♠❛♣ R✱ t❤❡ tr❛♥s❢❡r ♠❛♣s ✭✹✳✶✺✮ ❝♦♠✲
♠✉t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r
TjTℓ = TℓTj , j, ℓ = 1, . . . , N . ✭✹✳✶✽✮
■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ ❨❇❊ ❤❛s ✐♠♣♦rt❛♥t ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❜r❛✐❞
❣r♦✉♣ ✭♦r ♣❡r♠✉t❛t✐♦♥ ❣r♦✉♣ ✐♥ t❤❡ r❡✈❡rs✐❜❧❡ ❝❛s❡✮ ❛❝t✐♥❣ ♦♥ XN ❬✽✱ ✾❪✳ ❍❡r❡ t❤❡ ❢♦r♠❛❧
❝♦♥♥❡❝t✐♦♥ ♦❢ t❤❡ s❡t✲t❤❡♦r❡t✐❝❛❧ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ✜♥✐t❡ ❆rt✐♥ ❣r♦✉♣ ✭♦r ❲❡②❧
❣r♦✉♣ ✐♥ t❤❡ ✐♥✈♦❧✉t✐✈❡ ❝❛s❡✮ ♦❢ t②♣❡ BCN ✐s q✉✐t❡ ❛♣♣❛r❡♥t ❢r♦♠ ✭✹✳✶✻✮✳ ■t ✐s t❤❡r❡❢♦r❡
❛♥ ✐♥t❡r❡st✐♥❣ ♦♣❡♥ q✉❡st✐♦♥ t♦ t❛❝❦❧❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❣❡♥❡r❛❧ r❡✢❡❝t✐♦♥ ♠❛♣s ✐♥ t❤❡
s❛♠❡ s♣✐r✐t ❛s t❤❡ ❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ ❨❛♥❣✲❇❛①t❡r ♠❛♣s ✐♥ ❬✽✱ ✾❪✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣
❛✈❡♥✉❡ ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐s t❤❛t ♦❢ t❤❡ r♦❧❡ ♦❢ t❤❡ tr❛♥s❢❡r ♠❛♣s ❞❡✜♥❡❞ ❛❜♦✈❡
❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ P♦✐ss♦♥✲▲✐❡ ❣r♦✉♣s ❛♥❞ ✐♥t❡❣r❛❜❧❡ ❞②♥❛♠✐❝s ❛❧♦♥❣ t❤❡ ❧✐♥❡s
❞❡s❝r✐❜❡❞ ✐♥ ❬✷✷❪✳
❆♣♣❡♥❞✐❝❡s
❆ ❆❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✧♠✐rr♦r✧ ♥♦r♠✲
✐♥❣ ❝♦♥st❛♥ts
❲❡ ♥❡❡❞ t♦ s♦❧✈❡ t❤❡ ❝♦✉♣❧❡❞ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s ❢♦r t❤❡ βj✬ ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✮✳ ❚❤❡ ❦❡②
♦❜s❡r✈❛t✐♦♥ ✐s r❡❧②✐♥❣ ♦♥ ❚❤❡♦r❡♠ ✷✳✼✳ ▲❡t
d1...2N(k) = d1d2,{1} . . . d2N,{1...2N−1}(k) . ✭❆✳✶✮
❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Aj+N ✐♥ ✭✷✳✺✹✮✳ ❚❤❡ ❢♦r♠ ♦❢ t❤❡ ❞r❡ss✐♥❣ ❢❛❝t♦r ✭❆✳✶✮ ❧❡❛❞s t♦
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥
Aj+N =
2N∏
i=1,i 6=j+N
(
kj+N − ki
kj+N − k∗i
)(
d−12N,{1...2N−1} . . . d
−1
j+N+1,{1...j+N}πj+N,{1...j+N−1}
d−1j+N−1,{1...j+N−2} . . . d
−1
1
)
(kj+N) , ✭❆✳✷✮
✇❤❡r❡
dj,{1...j−1}(k) = In +
(
k − kj
k − k∗j
− 1
)
πj,{1...j−1} , ✭❆✳✸✮
πj,{1...j−1} =
ξj,{1...j−1}ξ
†
j,{1...j−1}
ξ†j,{1...j−1}ξj,{1...j−1}
, ξj,{1...j−1} = d
†
1...j−1(kj)βj . ✭❆✳✹✮
❚❛❦❡ j = N ✳ ■♥s❡rt✐♥❣ ✭❆✳✷✱ ❆✳✸✮ ✐♥t♦ ✭✸✳✷✮ ✐♠♣❧✐❡s
βN(ξ2N,{1...2N−1})
† = M(k∗N)
2N−1∏
i=1
(
k2N − ki
k2N − k∗i
)
π2N,{1...2N−1} . ✭❆✳✺✮
✷✸
❉❡✜♥❡ ❛ n✲❝♦♠♣❧❡① ✈❡❝t♦r v2N ❜②
v2N =
ξ2N,{1...2N−1}
|ξ2N,{1...2N−1}|2
=
(
M(k∗N)
2N−1∏
i=1
(
k2N − ki
k2N − k∗i
))−1
βN . ✭❆✳✻✮
❈♦♠❜✐♥✐♥❣ ✭❆✳✺✮ ❛♥❞ ✭❆✳✻✮ ❣✐✈❡s
ξ2N,{1...2N−1} =
v2N
|v2N |2
. ✭❆✳✼✮
❲✐t❤ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ξ2N,{1...2N−1}✱ ✇❡ ❝❛♥ t❤✉s ❝♦♠♣✉t❡ d2N,{1...2N−1}(k)✳ ❚❤❡♥ t❛❦❡
j = N − 1✳ ❋r♦♠ ✭✸✳✻✮ ❛♥❞ ✭❆✳✷✮✱ ✇❡ ❞❡r✐✈❡
βN−1ξ
†
2N−1,{1...2N−2} =M(k
∗
N−1)
2N∏
i=1,i 6=2N−1
(
k2N−1 − ki
k2N−1 − k∗i
)
×
d−12N,{1...2N−1}(k2N−1) π2N−1,{1...2N−2} . ✭❆✳✽✮
❙✐♥❝❡ d2N,{1...2N−1}(k) ✐s ❦♥♦✇♥✱ ❞❡✜♥❡ v2N−1 ❜②
v2N−1 =
ξ2N−1,{1...2N−2}
|ξ2N−1,{1...2N−2}|2
=
(
M(k∗N−1)d
−1
2N,{1...2N−1}(k2N−1)
2N∏
i=1,i 6=2N−1
(
k2N−1 − ki
k2N−1 − k∗i
))−1
βN−1 . ✭❆✳✾✮
❈♦♠❜✐♥✐♥❣ ✭❆✳✽✮ ❛♥❞ ✭❆✳✾✮ ❣✐✈❡s
ξ2N−1,{1...2N−2} =
v2N−1
|v2N−1|2
. ✭❆✳✶✵✮
❲❡ ❝❛♥ ✐♥❞❡❡❞ ❝♦♠♣✉t❡ d2N−1,{1...2N−2}(k)✳ ❘❡❝✉rs✐✈❡❧②✱ t❛❦✐♥❣ j = N − 2✱ N − 3 ✉♣
t♦ 1✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ξj+N,{1...j+N−1} ❛♥❞ dj+N,{1...j+N−1}✱ j = 1, . . . , N ✳ ❙✐♥❝❡
{kj, βj}j∈{1...N} ❛r❡ ❦♥♦✇♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢✉❧❧ ❦♥♦✇❧❡❞❣❡ ♦❢ dj,{1...j−1}(k)✱ j = 1, . . . , N ❛s
✇❡❧❧✳ ❚❤❡r❡❢♦r❡✱ βj+N ❝❛♥ ❜❡ ❞❡r✐✈❡❞ t❤❛♥❦s t♦ ✭❆✳✹✮✳
❇ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷
❚♦ ♣r♦✈❡ ✭✸✳✼✮✱ ✇❡ ♥❡❡❞ t❤❡ ♠✐rr♦r s②♠♠❡tr② ✭✸✳✻✮ ❛♥❞ t❤❡ ♣❡r♠✉t❛❜✐❧✐t② ♣r♦♣❡rt② ♦❢
❞r❡ss✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s ✭❚❤❡♦r❡♠ ✷✳✼✮✳ ❚♦ ❛✈♦✐❞ t❡❞✐♦✉s ♥♦t❛t✐♦♥s ✭t❤❡ ♥♦t❛t✐♦♥s ❛r❡
❛❧r❡❛❞② t✐r❡s♦♠❡✦✮✱ ✇❡ ❝❤♦♦s❡ t♦ ✇♦r❦ ✇✐t❤ {1 . . . N} ✐♥st❡❛❞ ♦❢ {i1 . . . iN}✳ ❲❡ ♥❡❡❞
t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t {1 . . . N} ❝❛♥ ❜❡ ✐♥❞❡❡❞ r❡♣❧❛❝❡❞ ❜② ❛♥② ♣❡r♠✉t❛t✐♦♥ ♦❢ ✐ts❡❧❢
❜✉t ✐♥❞❡①❡❞ ❜② t❤❡ ♦r❞❡r❡❞ ♥✉♠❜❡r ❢r♦♠ 1 t♦ N ✱ ❜② t❛❦✐♥❣ j → ij✳ ❘❡❣❛r❞❧❡ss ♦❢
♣❡r♠✉t❛t✐♦♥s✱ t❤❡ r❡❧❛t✐♦♥s ✭✸✳✻✮ ❛❧✇❛②s ❤♦❧❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥❞✐❝❡s✳ ❲r✐t❡ d1...2N
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠
d1...2N = d1 . . . dN,{1...N−1}dN+1,{1...N} . . . d2N,{1...2N−1} ✭❇✳✶✮
✷✹
❚❛❦✐♥❣ j = N ✐♥ ✭✸✳✻✮✱ A2N ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
A2N =
2N−1∏
i=1
(
k2N − ki
k2N − k∗i
)
π2N,{1...2N−1} d
−1
1...2N−1(k2N) . ✭❇✳✷✮
❙✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ ✭✸✳✻✮ ❣✐✈❡s
βNξ
†
2N,{1...2N−1} = M(k
∗
N)
2N−1∏
i=1
(
k2N − ki
k2N − k∗i
)
π2N,{1...2N−1} . ✭❇✳✸✮
❚❛❦✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ✭✷✳✻✹✱ ✷✳✻✺✮ ❛♥❞ t❤❡ ♠✐rr♦r s②♠♠❡tr② kj+N = −k
∗
j ✱ ✇❡ ❝♦♠❡ t♦
t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐✜❝❛t✐♦♥
γ2N,{1...2N−1} = ξ2N,{1...2N−1} . ✭❇✳✹✮
γN =
2N−1∏
i=1
(
k2N − ki
k2N − k∗i
)−1
βN . ✭❇✳✺✮
❉❡✜♥❡ u2N ❜②
u2N =
ξ2N,{1...2N−1}
|ξ2N,{1...2N−1}|2
= M−1(k∗N) γN . ✭❇✳✻✮
■♥s❡rt✐♥❣ ✭❇✳✹ ✲ ❇✳✻✮ ✐♥t♦ ❇✳✸ ❣✐✈❡s
p2N,{1...2N−1} =
u2N
|u2N |
= m(kN)pN . ✭❇✳✼✮
❚❤❡♥ t❛❦✐♥❣ j = N − 1✱ ✇❡ ❤❛✈❡
A2N−1 =
2N∏
i=1,i 6=2N−1
(
k2N − ki
k2N − k∗i
)
d−12N,{1...2N−1}π2N−1,{1...2N−2} d
−1
1...2N−2(k2N−1) . ✭❇✳✽✮
❙✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ ✭✸✳✻✮ ✐♠♣❧✐❡s
d2N,{1...2N−1}(k2N−1)M
−1(k∗N−1)βN−1ξ
†
2N−1,{1...2N−2} =
2N∏
i=1,i 6=2N−1
(
k2N−1 − ki
k2N−1 − k∗i
)
π2N−1,{1...2N−2} .
✭❇✳✾✮
❲✐t❤ ✭❇✳✼✮ ❛♥❞ kj+N = −k
∗
j ✱ ✇❡ ❞❡r✐✈❡
d2N,{1...2N−1}(k2N−1)M
−1(k∗N−1) =
(
In +
(
k∗2N − k2N
k2N−1 − k∗2N
)
p2N,{1...2N−1}p
†
2N,{1...2N−1}
)
M−1(k∗N−1)
= M−1(k∗N−1)
(
In +
kN − k
∗
N
k∗N−1 − kN
pNp
†
N
)
= M−1(k∗N−1)d
†
N(kN−1) . ✭❇✳✶✵✮
✷✺
❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✻✹✮✱ ✐t ❝♦♠❡s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐✜❝❛t✐♦♥
γN−1,{N} =
2N∏
p=1,p 6=N
p 6=N−1
(
k∗N−1 − kp
k∗N−1 − k
∗
p
)
d†N(kN−1) βN−1 , ✭❇✳✶✶✮
γ2N−1,{1...2N−2} =
(
k∗2N−1 − k2N
k∗2N−1 − k
∗
2N
)
ξ2N−1,{1...2N−2} . ✭❇✳✶✷✮
❉❡✜♥❡
u2N−1 =
γ2N−1,{1...2N−2}
|γ2N−1,{1...2N−2}|
= M−1(k∗N−1)γN−1,{N} . ✭❇✳✶✸✮
❈♦♠❜✐♥✐♥❣ ✭❇✳✾ ✲ ❇✳✶✸✮ t♦❣❡t❤❡r ❣✐✈❡s
p2N−1,{1...2N−2} =
u2N−1
|u2N−1|
= m(kN−1)pN−1,{N} . ✭❇✳✶✹✮
❘❡❝✉rs✐✈❡❧②✱ t❛❦✐♥❣ j = N − 2✱ N − 3 ✉♣ t♦ 1✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❤♦❧❞
dq+N,{1...q−1+N}(kj+N)M
−1(k∗j ) = M
−1(k∗j ) d
†
q,{q+1...N}(kj) , j ≤ q . ✭❇✳✶✺✮
❚❤❡♥ ✐♥s❡rt✐♥❣ kj+N = −k
∗
j ✱ γj,{j+1...N} ❛♥❞ γj+N,{1...j+N} ✐♥t♦ ✭✸✳✻✮ ②✐❡❧❞s
pj+N,{j...j−1+N} = m(kj)pj,{j+1...N} . ✭❇✳✶✻✮
❇② ❛♣♣❧②✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ {1, . . . , N} ❛♥❞ {i1, . . . , iN} ✇✐t❤ j → ij✱ ✇❡
❝♦♠❡ t♦ ✭✸✳✼✮✳ ❊q✉❛t✐♦♥ ✭✸✳✶✵ ✐s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❜② ❛ss✉♠✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠ ♦❢ t❤❡ ❞r❡ss✐♥❣ ❢❛❝t♦r
d1...2N = d1 . . . dj−1,{1...j−2}dj+1,{1...j−1} . . . dN,{1...jˆ...N−1}dj,{1...jˆ...N}dj+N,{1...N}
. . . dj+N−1,{1...j+N−2}dj+N+1,{1...j+N−1} . . . d2N,{1...ĵ+N...2N−1}dj+N,{1...ĵ+N...2N} . ✭❇✳✶✼✮
❚❤✐s ♠❡❛♥s t❤❛t dj,{1...jˆ...N} ✐s t❤❡ ❧❛st ❞r❡ss✐♥❣ ❢❛❝t♦r ❛❞❞❡❞ ✐♥ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst
N ❞r❡ss✐♥❣ ❢❛❝t♦rs✱ ❛♥❞ d
j+N,{1...ĵ+N...2N}
✐s t❤❡ ❧❛st ❞r❡ss✐♥❣ ❢❛❝t♦r ❛❞❞❡❞ ✐♥ t❤❡ ♣r♦❞✉❝t
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